Class Notes for Introduction to Discrete
Mathematics

Mark Siggers

ver .2015/11/30

These notes are for a lower undergraduate first class on discrete mathematics
following the text “Introduction to Discrete Mathematics’ by Matousek and
Nesetril.

The notes frequently refer to the text, as 'the text’, making it necessary to
have the text to follow the notes.

1 Introduction and Basic Concepts

1.1 Problems

The course is focused on problem solving and deals mainly with problems of
combinatorial counting, and of graphs. See the text for some nice examples of
such problems.

1.2 Numbers and Sets: Notation

We will use the following notation frequently. If you are unfamiliar with any of
them, see the text for further explanation.

N ={1,2,3,...} is the set of natural numbers.

Z ={0,£1,42,...,} is the set of integers.

Z?:li =1+ 2+ 3 is used for sums.

Hilil =1-2.-..-10 is for products.

The floor |x] is the greatest integer less than x.
The ceiling [x] is the least integer greater than x.

X UY is the union of the sets X and Y.



X NY is their intersection.
X\Y={zeX|zgY}.

An ordered set, or tuple is written (a,b). It is different from the unordered
set {a,b}.

The product of X and Y is
XxY={(z,y)|reX,yeY.

The cardinality | X| of X is the number of elements in it. (Most of our sets
are finite, so this is a much a definition as we need.)

The power set 2% of a set X is the set of subsets of X.

We should know the following set rules:

i) Commutativity: XNY =Y NXand XUY =Y UX

)
il) Associativity: X N (Y NZ)=(XNY)NZ) ( and its dual version).
iii) Distributivity: X N (YU Z) = (XNY)U (X NZ) (and dual).

)

iv) DeMorgan: X \ (AUB) = (X \ A)U (X \ B)

Problems from the Text

Section 1.2: 1,2456,7

1.3 Mathematical Induction

A proof by induction is used to prove a statement parametrized by a countable
set.

Problem 1.3.1. Prove that the statement

S(n) - ZZQ _ n(n+1)(2n + 1)

is true for all natural numbers n.

Problems from the Text

Section 1.3: 1,2,3a,4,5,6,8,9,11,12,14

Question 4 uses that sin(a + ) = sina cos § + sin 8 cos a and that cos(a +
B) = cosacos § — sinasin S.



1.4 Functions

A function or a map f : A — B from a set A to a set B assigns an element
f(a) € B to every element a of A.

It is often defined algebraically with a formula:
f(z) =22+ 1.
This same function can be described with the 'maps to’ notation:

frx—a?+1.

One can also describe a function simply by listing the pairs (a, f(a)) or by
drawing all these pairs in R2.

For a set X C A we write
fF(X) ={f(z) |z e A}.
The composition of functions f : A — B and g : B — C is the function
gof:A—=C:am g(f(a)).
A function f: A — B can be

e one-to-one or injective: f(x) = f(y) =z =y;
e onto or surjective: Vb € B3a € As.t.f(a) = b; or

e bijective: injective and surjective.

The bijective function will be important to us as we will use it in the method
of ’counting by bijection’. This uses the fact that if there is a bijection between
two sets, then they have the same cardinality. Example 1.4.4 of the text uses
this method with the bijection

7
(xoy ... z7) > 14 Zmo”
i=0
from the set of 8 digit sequences made up of the digits from 0 to 9, to the
integers [10%] = {1,2,...,108] to count them. They then go on to count how
many of these sequences have an even number of odd digits.

Often, to show that a function is bijective, is is useful to recall that a funtion
f: A — B is bijective if and only if there is a function f~!: B — A such that
fof t(b)=band f~lo f(a) foralla € A and B € B. Such f~! is called the

inverse of f.

Problems from the Text

Section 1.4: 1,2,3,4,5,6




1.5 Relations

A relation is a set of ordered pairs:
RCXxY.

If (z,y) € R we write zRy.

If RC X x X for some set X, which is usually the situation, then R is a
relation on X.

One can represent a relation by a 0,1 matrix M = [m;;] whose columns are
indexed by elements of X and whose rows are indexed by elements of Y. For a
pair (z,y) the entry mg, is a 1 if (z,y) € R and is 0 otherwise.

Alternately, on can represent a relation by a digraph: every element in X UY
is a vertex, and if (z,y) € R there is an arc from z to y.

As with a function, relations can be composed: if RC X xY and S CY xZ
then R o S is the relation on X x Z defined

RoS={(z,2)|yeY|[(z,y) € Rand (y,2) € S].}

Recalling function notation, and that a function can be viewed as a relation,
you might think this should be written as S o R. Be careful, it isn’t.

If R is a relation on X and Y is a subset of X, then the relation
Rly ={(a,b) e R|a,beY}=RN(Y xY)
is called the restriction of R to Y.

Problem 1.5.1. Can you find some explanation for the difference in notation
between compositions of functions and of relations?

Problems from the Text

Section 1.5: 1,2,3,4,5

1.6 Types of Relations

A relation on a set X is
o reflexive if xRz for all x € X,
o symmetric if tRy = yRx,

e antisymmetric if (xRy A yRx) = x =y,



e transitive if (xRy A yRz) = zRz
For a relation R, the opposite relation R™! is the relation
R~ ={(y,x) | (z,y) € R}.
The diagonal relation Ax on X is
Ax ={(z,z) |z € X}.
Theorem 1.6.1. A relation R on X is

i) reflexive iff Ax C R,
ii) symmetric iff R = R™!,

iit) antisymmetric iff

i) transitive iff

A relation that is reflexive symmetric and transitive is an equivalence rela-
tion. A relation that is reflexive antisymmetric and transitive is an ordering (or
a partial ordering.

An ordering R such that for every =,y € X either xRy or yRzx is a linear
(or total) ordering.

In the next Chapter we look in more detail at orderings. We finish this
Chapter with some observations about equivalence relations.

For an equivalence relation R on X and a element z, the equivalence class
of x is
Rlz] = {y € X | yRa}.

Proposition 1.6.2. Let R be an equivalence relation on X, then

i) Vo € X, xz € Rx],
ii) Yx,y € X, either R[z] = R[y] or R[z] N R[y] = 0,
iii) the classes R[x] uniquely define R.
A partition of a set X is a family P of subsets of X such that for all x € X
there is a unique subset S € P such that = € S.

The above proposition shows that equivalence relation on X defines a par-
tition, and every partition of X defines a relation.

Problem 1.6.3. Let R be an equivalence relation on X and Y C X. Show
that the restriction R|y is an equivalence relation. Show that the restriction of
an ordering to a subset is an ordering.



Problems from the Text

Section 1.6: 1,2,3,4,5,6,7,8,9ab

2 Orderings

Recall that a (partial) ordering of a set X is a reflexive, antisymmetric, transitive
relation on X. In this Chapter we look at orderings in more detail.

2.1 Depictions of orderings

Orderings we are familiar with are the usual ordering < of the N or Z or R.

Problem 2.1.1. Show that the relation R on N defined by aRb if a < b is an
ordering.

Because of the anti-symmetry, it is usual to use anti-symmetric notation <
or = for an ordering. When we do so the opposite relations <=1 and <~ are
denoted > and > respectively, and the ‘strict’ versions < \A< and < \Ax of
the relations are denoted < and < respectively.

Problem 2.1.2. Is the strict version < of an ordering < an ordering?
Problem 2.1.3. Find an ordering < of N2,
A linear (or total) ordering on X is an ordering < on X that further satisfies

the property
Va,y € X, either x <y ory < x.

Problem 2.1.4. Was the ordering you gave of N? above a linear ordering?
We use the optional 'partial’ in front of ordering when we want to emphasise

that it is not necessarily a total ordering. A poset (X, <) is a set X with a
partial ordering < on X.

As a poset is a relation, we have seen how to draw it, but the picture has a
lot of redundant information. Removing this, we get another picture of a poset
that is a lot clearer. Lets describe this.

Definition 2.1.5. Let < be a partial ordering on X. For elements z,y € X, =
is an immediate predecessor of y, or is covered by y,

o z <y, and

e (z<t<y)=(x=torax=y).



In this case, we write x <y.

In the Hasse diagram or cover diagram of a poset (X, <) we draw the ele-
ments of X, and we put an arrow from x to y if x<y. To simplify things further,
we usually draw an edge instead of an arrow and denote the direction by of the
arrow © — y by drawing x higher on the paper than y.

This diagram is enough to represent the poset because x < y if and only if
there is a path of edges in the diagram going down from z to y. We prove this
now.

Proposition 2.1.6. For a finite poset (X, =), and x,y € X, we have that x <y
if and only if there is n € N and elements x1,24,...,z, € X such that

T=21<4x24...dxy =Y.

Proof. See page 46 of the text for the proof.

Problems from the Text

Section 2.1: 1,234

2.2 Orderings and linear orderings

Definition 2.2.1. A linear ordering < on X is a (linear) extension of an or-
dering < on X if for all z,y € X

r<y=z3y.

Problem 2.2.2. Show that the usual ordering of N extends the divisibility
ordering on N. Are there any other extensions of the divisibility ordering on N?

Problem 2.2.3. Find a linear extension of the ordering < on N2 that is defined
by
(a,b) < (a/,V)ifa<band d <V.

In this section we will show that every finite poset has a linear extension.
We need some definitions.

Definition 2.2.4. Let (X, <) be a poset. An element z € X is
o minimum if Vy € X,z <y,

o minimal if Ay € X with y <z,



e mazimum if Vy € X,y < x,

e mazimal if Ay € X with z <y.

Note that a minimum element is minimal, but minimal elements are not
generally minimum.

Theorem 2.2.5. Fvery finite poset has at least one minimal element.

Proof. See page 49 of the text.
O

Theorem 2.2.6. Every finite partial ordering (X, <) has a linear extension.

Proof. The proof is by induction on n = |X|. Clearly the Theorem holds for
n = 1, as there is only one ordering on a single element, and it is linear.

Now assume that the theorem holds for posets of size up to n — 1 and let
|X| = n. By the previous theorem, there is a minimal element 2o of X. Let
X' = X \ z¢ and let <’ be the restriction of < to X’. By Problem 1.6.3 < is
an ordering, and by the induction assumption it has an extenxion <’ to a linear
ordering of X’. We define the ordering < on X by

z2yifx =" yorz=ux.

Finish the proof by showing this is a linear extension of <. (See page 50 of
the text for the details.) O

Problem 2.2.7. In the above proof we said that there is only one ordering on
a one element set. How many orderings are there on a 2 element set, and how
many of them are linear? How many linear orderings are there on an n element
set? How many orderings? (This last one might be difficult. We will see the
answer in Chapter 8.)

Problems from the Text

Section 2.2: 1,2,3,4,6,7,8,10

2.3 Orderings by Inclusion
In this section we show that every poset can be viewed as the inclusion poset of

some family of sets.

Definition 2.3.1. Let P = (X, <) and P’ = (X', <’) be posets. A mapping
f: X — X’ is an embedding of P into P’ if it is injective and for all z,y € X

fla) <" fly) <= 2 <y



Problem 2.3.2. Show that the usual linear ordering on the set {0,1,2,...,n}

embeds into (2", C) (the set 2I" with the inclusion ordering). Does it embed

into (21, C)?

Theorem 2.3.3. For any ordered set P = (X, <), the map
fX=2% oL, ={ycX|y<z}

is an embedding of P into (2%, C).

Proof. See page 53 of text.

O
Consider the set B, = {0,1}"™ of n element binary strings: n elements
strings of the digits 0 and 1. For two such strings © = (z1,22,...,2,) and

Y= (y17y25 .. yn) let
z =Xy <= Vi€ n|,z <y
This is an ordering, and B,, = (B,,, <) is called the boolean lattice.

Problem 2.3.4. Show that the boolean lattice B,, and the poset (2[", <) are
isomorphic.

Problems from the Text

Section 2.3: 1,2,3.4,5,7,8

Hint: For question 4, try an induction. Remove a minimal element, get the
embedding, then map the minimal element to a new prime that isn’t used yet.
You will have to then re-embed the elements above the new element.

2.4 Large implies tall or wide

Let P = (X, <) be a poset.
Definition 2.4.1. Two elements x,y € X are incomparible in P, if neither

<y or y<uzx

hold. A set A C X is independent in P, or is an antichain of P if for all a,b € A,
a and b are inconparible.

Problem 2.4.2. Show that the set of all minimal elements of a poset is inde-
pendent.

Recall to show that A C
B we can show that for
anya € A, a € B.




Definition 2.4.3. A subset A C X is a chain if the restriction of < to A is a
linear ordering.

Definition 2.4.4. The height of w(P) of a poset P is the size of the largest
chain in P. The width a(P) is the size of the largest antichain.

Problem 2.4.5. Find w(B4) and a(B,).

Theorem 2.4.6. For every finite poset P = (X, <),
a(P)-w(P) > |X|.

Proof. See page 56 of the text.
O

For a sequence (x1,x9,...xy) of integers, a subsequence (z;,, iy, ..., %, )
is monotone if either
Ty, Sy, <o <y,

or
Tip 2 Tig 20 2 T,

Theorem 2.4.7 (Erdds, Szekeres). Any sequence X = (x1,...,2n) of N =
n? 4 1 real numbers has a monotone subsequence of length at least n + 1.

Proof. Tt is easy to check that the relation < on the set [N] = {1,..., N} defined
as follows is an ordering: set ¢ < j if i < j and z; < x;.

By the previous theorem we have that
a(([N], %)) - w(([N],2)) > N =n?+1

so either a(([N],=<)) >n+1 or w(([N],=)) >n+ 1.

But any chain in ([IV], <) gives an increasing subsequence of X and and any
antichain ([N], =) gives a decreasing subsequence of X. O

Problem 2.4.8. Fill in the details of this proof. Show that < is an ordering of
[N]. Show that a chain or antinchain in ([N], %) corresponds to an increasing
or decreasing sequence in X, respectively.

Problems from the Text

Section 2.4: 1,2.3,4,5,6
For # 3, it should be 16, not 17. Why?

10



3 Combinatorial Counting

3.1 Functions and subsets

Consider the following Jellybean problem.

Problem 3.1.1. In a big bag of jellybeans, there are 25 different colours of
jellybean (and lots of each colour). How many different ways can you give one
jellybean to each of 5 kids?

Clearly, there are three ways: you can give the kids the jellybeans in small
wrapped boxes, or by putting them under their pillows when they are asleep, or
tossing them across the room into their gaping mouths. But also, clearly, this
isn’t what the question is asking.

A ‘way’ to give one jellybean to each kid is a function f from the set of K
of kids, to the set C of colours. The above problem is thus the same as:

Problem 3.1.2. Let |K| =5 and |C| = 25. How many different functions are
there from K to C.

We’ve mentioned the following before, but we prove it now by restating it
as a problem of counting functions.

Proposition 3.1.3. For a finite set X, there are 21X! different subsets.

Proof. Each subset S C X defines a function

. . 0 ifzgs
fs.X—){O,l}.xH{l ifres,

called the characteristic function of S.
On the other hand, each function f: X — {0,1} defined a subset
Sp={ze X | f(x)=1}

of X. We can check that that fs, = f for each function f : X — {0,1} and
that Sy, = S for each S C X. So there is a bijection between the subsets of
X and the functions X — {0,1}. As there are 2/XI of these, we are done. [

Problem 3.1.4. Check that fs, = f and Sy; =S in the above proof.

Using the above proposition, we can prove the following with another proof
by bijection.

Proposition 3.1.5. There are 2/X1=1 subsets of X of odd size.

11



Proof. There are two bijections that suggest themselves.

We could prove this by finding a bijection between the subset of X of odd
size and the subsets of X of even size. Or we could find a bijection between the
subset of X of odd size, and the subset of a set X of of size | X| — 1.

Can you think of how to define one of these bijections? On page 62 of the
text they do the second method. O

How about some more jellybeans?

Problem 3.1.6. State the following problem as a problem about counting func-
tions, and solve it:

How many ways can we give a jellybean to each kid if there is only one
jellybean of each colour?

Problems from the Text

Section 3.1: 1-4,6

3.2 Permutations

A permutation of a set X is a bijection X — X.

The function p : [5] — [5] shown is a permutation.

VAL W -
B

It can be represented by
1 2 3 4 5 .
p= ( 9 3 4 1 5 ) or simply p = (23415).

Or we can draw it as a relation

\
2

L7

L} 3 ?

which suggests the following cycle notation:

p=((1234)(5)).

12



Problem 3.2.1. How many permutations are there of an n element set?

Problems from the Text

Section 3.2: 1-3,6ab,8

3.3 Binomial Coefficients

Recall the the binomial coefficient

<n)n(n1)...(nk) n!

k)~ k(k—1)...2)(1)  (n—k)&

counts the number of k-element subsets of an n element set.

It makes sense to define, for a set X

<i§) = the set of k-element subsets of X.

X X
So [(3)Il = (lk‘)'
The binomial coefficient is useful in counting jellybeans.

Problem 3.3.1. There (an unlimited number of each of) five colours of jelly-
bean. How many ways can you choose 12 jellybeans?

Problem 3.3.2. How many integer solutions are there to the equation
1+ o+ X3+ x4 = 15,

with x; > 0 for each . How many with z; > 1 for each 7

Properties of the Binomial Coefficient.

o () =0"%)

« (1) =G+ (%)

« G = () G2m)

e The Binomial Theorem: (14 z)" =" (7)a"
Problem 3.3.3. Use the binomial theorem to show that there are 2™ different
subsets of the set [n].

The following identity is a little less common than those above, but it has a
pretty proof.

13



Theorem 3.3.4.

Proof. Page 72 of text.

3.3.1 The Multinomial Coefficeint

Problem 3.3.5. You have two blue jellybeans, four green, one red, two yellow,
and three white. How many ways can you order them?

If you said 12!, you are misundrestanding delibrately. Go to your room!

Where n = Z?:l k;, the multinomial

" -
ki,ko,... kq Tkl kY

counts the number of ways we can order a multiset of n elements where there
are k; indistinguishable elements of type 7.

Problems from the Text

Section 3.3: 2,3,4,5,6,7,8,9,11,15,17,18

3.4 Estimates

If we wanted to compute the n** harmonic number

exactly, we would have to compute the whole sum. There is no good closed
formula for it. But if we only want to estimate it, we can do pretty well with
closed formulae.

Here is a pretty easy upper bound. We get it by collecting terms cleverly:

some of
1 1 1 1 1 1 —
Hn: I +§+§+i+g+"'?+G4+“.+GUOg2”J+G“ngn] .
- —_— ———
Gl G2 G3



As
201
Gi= Y 1/i<27l.1/27 =1
j:Qi—l

we have that H,, < [log,n].
On the other hand,

Problem 3.4.1. Show that G,, > 1/2.
so we get that H,, > %Uog2 n]. So log, n is a pretty good estimate for H,.
We write H,, = O(logy n).

Definition 3.4.2. For real functions f and g we write f = O(g) and say that
f is big-oh of g if there exists some N and ¢ > 0 such that

x> N = [f(x)] <clg(z)]

That f is big-O of g means that asymtotically (as  gets big), f is not much
bigger than g. Alternately, that asymtotically, the graph of f is not above the
graph of g, if we zoom far enough out.

It is not too hard to show that if

lim —f(x) =c
v—o0 g()
for some ¢ then f = O(g).
Definition 3.4.3. If lim, % = 0 then we write f = o(g) and say f is little

oh of g.

Definition 3.4.4. For real functions f and g we write f < g if there exists
some N such that n > N implies f(n) < g(n).

Note that f =< g is a little stronger than f = O(g).

Observe that for any positive reals ¢y, co, and c3 we have

log, n X n® < cj.

Problems from the Text

Section 3.4: 1-3(abd),4,6
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3.5 Estimating n!

How big is n!? Tt is O(n®) for some ¢? Is it O(c™) for some ¢? Nope, even
bigger. It is O(n™).

It is simple to show that

on—l < pl < ™,

It is not too hard to show that
(\/ﬁ) <nl< (”> .
V2 V2

In fact the bounds can be improved to the following.

e(ﬁ)ngnlgn'e(ﬁ)n. (1)

(& e

Gauss showed

If we want an even better estimation, we can use Stirlings approximation.
This is quite hard to prove.

n
n! ~ 27m(ﬁ) .
e

Problems from the Text

Section 3.5: 1,2,9a,11

3.7 Inclusion and Exclusion

Consider the following problem.

Problem 3.7.1. Out of a group of students,

e 30 do math, 15 do statisitics, 20 do physics
e 10 do math and physics, 4 do math and stats, 8 do stats and phys

e 3 do all three subjects.

How many students do at least one of the three subjects?

16



More generally, one would use the principle of inclusion and exclusion.

Theorem 3.7.2. Where Aq,..., Aq are subsets of some set X :

d d

| UA’L‘ = Z(_l)k_l Z \ ﬂAz|

i=1 k=1 re(ly el

Problems from the Text

Section 3.7: 1,3,4,5,6

3.8 Derangements

Sometimes to count a set, it is easier to count the complement.

Problem 3.8.1. How many numbers in the interval [100] are relatively prime
to 37 (That is for how many numbers n does ged(3,n) = 1.)

Problem 3.8.2. How many numbers in the interval [100] are relatively prime
to 157
The following is a dual form of the principle of Inclusion and Exclusion.

Theorem 3.8.3. Where Ay, ..., Ay are subsets of some set X, and |N;cp Asi| =
| X|, the number of elements in none of the sets A; is

d
A=30F 3IN 4l
k=0

re(idy i€l

5.

i=1

Proof. Indeed, by DeMorgan we have that ﬂ?zl A; = Ule A; so has size | X| —
Uiy Al

Thus
d L d d
IﬂAiI=IXI—\UAA:\XI—Z(—l)'“‘1 Z IHAZ-\
=1 i=1 k=1 ]e([zl) i€l
d
|X|+Z(*1)k Z |ﬂAi|
k=1 re(l9y i€l
d
=> D8 >0 1N Al
k=0 re(19y i€l

17



Definition 3.8.4. A derangement of [n] is a permutation o of [n] such that for
all i € [n], (i) # 1.

Problem 3.8.5. How many derangements are there of [n]?

Problems from the Text

Section 3.8: 1,2,3,6,7, 8ab

18



4 Graphs: An introduction

4.1 The notion of a graph; isomorphism

Definition 4.1.1. A graph G is a pair (V, E') where V is a set and E is a set of
2 element subsets of V. The elements of V' are called vertices and the elements
of E are called edges. We often write V(G) and E(G) for the sets of vertices
and edges of a given graph G.

A graph is an irreflexive symmetric relation, and is represented by a picture.

If {u,v} is an edge of a graph G we say that u and v are adjacent or neigh-
bours, and we write u ~ v.

Some common named graphs are

The clique or complete graph K, on n vertices:

V(Kn) =[], E(K) ={{i,j}|i,j €[nl,i#j}

The n-cycle Cy:

V(Cy) = [n], E(C,) ={{i,i+1 modn} |ic[n]}

The n-path P,:

V(P.)=1[nl,  E(P.)={{ii+1}|ie[n—1]}

The complete bipartite graph K, , on the sets M and N with |M| = m
and |N| = n:

V(Km7n):MUN7 E(Km7n):{{u,v}|U€M,’UEN}

A graph G = (V, E) is bipartite if there is a partition of V into two sets A
and B such that all edges are between A and B.

Usually, the name of a vertex has no importance. So we only consider graph
upto isomorphism.

Definition 4.1.2. An isomorphim f : G — G’ from a graph G = (V, E) to a
graph G’ = (V'  E') is a bijection f : V — V' such that

(a~b) < (f(a) ~ f(b)).

If there exists an isomorphism f : G — G’ then G and G’ are isomorphic,
written G = G'.

19



Problem 4.1.3. Which of the following graphs are isomorphic?

Problem 4.1.4. How many non-isomorphic graphs are there on 5 vertices?

Problems from the Text

Section 4.1: 1, 2, 4, 3 (doing 4 might help with 3b), 5, 6, 7

For questions 3 and 6 the following is important. Consider the graph Ko
having vertex set {1,2} and the one edge {1,2}. The graph you get by
switching the vertices, is the same graph: it has vertex set {1,2} and the one
edge {1,2}. So it is not an isomorphic graph, it is the same graph.
There is only one graph on the vertex set {1,2} that is isomorphic to Ka.

4.2 Subgraphs, Components, Adjacency Matrix

A graph G’ is a subgraph of a graph G if
V(G) CcV(G) and E(G") C E(G).
It is an induced subgraph if, in addition,
E(G) = {{u,v} € E(G) | u,v € V(G"),

For a subset A C V(G), the subgraph induced by A, denoted G| 4, is the induced
subgraph of G with vertex set A.

Problem 4.2.1. How many subgraphs are there of K57 How many non-
isomorphic ones? How many are induced?

A path in G is a subgraph of G that is isomorphic to P; for some t. It is
usually described as a sequence of distinct vertices

V1,0V2,y...,Up
such that v; ~ v;41 for all ¢ € [n — 1]. This path is a path from vy to v,, or

between v, and v,.
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Problem 4.2.2. How many paths are there in K57 How many are induced?

A walk between v; and v, in G is a sequence of not necessarily distinct
vertices
V1,V2y...,Un

such that v; ~ v;41 for all i € [n — 1].
Problem 4.2.3. How many walks are there in K57

A graph G is connected if for every two vertices u,v € V(G) there is a walk
in G between u and v.

Problem 4.2.4. Show that if there is a walk in G between u and v, then there
is a path between u and v.

One can define an equivalence relation ~, on the vertex set V(G) of a graph
by

u ~. v if there is a walk from u to v.

Problem 4.2.5. Show that this is an equivalence relation. (We must allow
paths of length 0.)

The equivalence classes [v]~., are called components of G. For a component

c

C of G sometimes we also call G|¢ a component of G.

The distance dg(u,v) between vertices u and v is the length of the shorest
path from u to v.

A cycle in G is a subgraph isomorphic to C} for some ¢.

Problem 4.2.6. How many cycles are there in K57

The Adjacency Matrix

For a graph G with n vertices let V(G) = {v1,...,v,}. The adjacency matriz
Ag of G is the n x n matrix Ag = [a;;] where

P 1 if Ui ~ Vj
771 0 otherwise.

Problem 4.2.7. Show that there is a walk of length 2 from v; to v; if and only
if the (4,7)™" entry of A% is non-zero.

Problem 4.2.8. Give a necessary and sufficient condition, using Ag for the
existence of

i) a walk of length ¢ from v; to v,,

21



ii) a loop on the vertex v;,

iii) a cycle of length ¢ containing a vertex v;.

Problems from the Text

4.3 Graph Score

Definition 4.3.1. For a vertex v in a graph G, the degree degs(v) of v is the
number of edges of G containing v. Where the vertices of G are vy, ..., v, the
multiset

{degq(v1),degg(v2), - - ., degg(vn)}
is the graph score of G.

The graph score is not a sequence, but we make it a sequence, called the
degree sequenceof G, by writing it in non-decreasing order.

Clearly isomorphic graphs have the same degree sequence. But the converse
is clearly not true.

Problem 4.3.2. Find graphs with the same degree sequence that are not iso-
morphic.

Here is a harder question: Is every non-decreasing sequence of positive inte-
gers a degree sequence?

A non-decreasing sequence D = (di,...,d,) is graphic if it is the degree
sequence of some graph.

Problem 4.3.3. Show that for any graphic sequence, Y., d; is even.
There are quick numerical conditions one can check to decide if a sequence is

graphic, but they are a little hard to prove. We look at an algorithmic decision
process.

A graph G is a realisation of a sequence D = (dy,ds,...,d,) if there is a
labelling of its vertices as V' = {vy, ... v, } such that for all i € [n], degq(v;) = d;.

Theorem 4.3.4. (Havel-Hakimi) If a sequence D = (dy,ds, ..., d,) is graphic,

then there is realisation G of D such that the vq is adjacent to vy,_1,...,Vn—q,, .

Before we prove this. Lets see how it allows us to decide if a sequence is
graphic. If D is graphic, then it has a realisation as in the lemma. If we remove
the edges from v,, then the graph we get has degree sequence

D/ - (dlad27 e 7dn—dn—1adn—dn - 17 cee 7dn—1 - 130)
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which we get by changing d,, to 0 and reducing the next d,, values by one. On
the other hand, if the sequence D’ is graphic, then so is D.

This gives us a recursive algorithm for deciding if a degree sequence D is
graphic: keep reducing the sequence as above, reordering if necessary to keep it
non-decreasing, until there are no positive degrees. This clearly terminates, as
the sum of degrees is reduced at each step.

If we end with a sequence of zeros, D was graphic. If we get any negative
numbers, it was not graphic.

Now lets prove the theorem.

Proof. Let D = (dy,ds,...,d,) be a graphic sequence. If d,, = n — 1 then we
are done, so we may assume that d,, <n — 1.

For any realisation G of D, let j(G) be the maximum j such that v; # vy,.
Of all possible realisations of D let G now be a particular one that minimises
Jj(G@). (Clearly j(G) >n—1—d, > 1, and we are done if j(G) =n—1—d,.)

We claim that j(G) = n — 1 — d,,. Towards contradiction, assume that
J(G) >n—1—d,. We will show that there is another realisation G’ of D with
J(G) <j(G).

Indeed, as j(G) > n—1—d,, there is a neighbour v, of v,, with z < n—d,, < j.
Now v, has an edge to vy, v; doesn’t, and as j > z, deg(v;) > deg(v,); so v;
has some neighbour v, that is not a neighbour of v,.

Let G’ be the graph we get from G by removing the edges {v,,v,} and
{vj,vz} and adding the edges {v,,v;} and {vy,v.}. It has the same degree
sequence, so is a realisation of D, but now j(G’') < j(G). O

Problem 4.3.5. Decide, using Havel-Hakimi, whether or not the sequence
(5,5,5,3,2,2,1,1) is graphic.

Problems from the Text

4.4 FEulerian Graphs

What graphs can we draw without lifting our pencil from the paper?

For this section it will be useful to represent a walk as
Vo, €1, V1, €2;...Un—1€n, Un

where e; = v;_1,v; is the edge between the vertices v;_; and v;.
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Definition 4.4.1. An FEulerian tour of a graph is a walk that contains every
vertex of the graph, and uses every edge of the graph exactly once. It is closed
if it starts and ends at the same vertex. A graph is Fulerian if it has a closed
Eulerian tour.

We can represent a closed tour as
Vo, €1,V1,€2,...Un—1,€En
where we understand that e,, contains v,,_1 and v,,.

Problem 4.4.2. Show that if G is Eulerian, then it is connected and every
vertex has even degree.

Theorem 4.4.3. A graph is FEulerian if and only if it is connected, and every
verter has even degree.

Proof. You showed the easy direction above. Now assume that G is connected
and every vertex has even degree. We show that it has an Eulerian tour.

Indeed, as a length 1 walk uses no edges, there are walks in G that use no
edge more than once. Let

W =wvg,e1,v1,€2,...Un_1,€n, Uy

be the longest such walk. We will show that W is an Eulerian tour.

Claim 4.4.4. v, = vy

Proof. If not, the vertex v, occurs only in an odd number of edges in W. As it
has even degree, there is some edge e,+1 = {vn,vp+1} that is not used in W.
But then W can be extended by e,41, which contradicts the choice of W. ¢

Claim 4.4.5. All vertices of G are in W.

Proof. If some u is not in W, then as G is connected, there is a path P from u
to some v; € W, none of whose edges are in W. But then the walk

P
U =7 Uiy €341, Vit1, - - - €n,y V0,5 €1, V1 - - - €4, U5
is a longer walk in G than W, contradicting the choice of W. o
Claim 4.4.6. All edge of G are used in W.

Proof. If some edge e is not used, then as W contains all vertices, e = {v;,v;}
for some v; and v; in W. We may assume that ¢ < j. But then

Viy €41y, V5,6, Vi, €, Vi—1,...,V0y€EnyUny...,€541,Vj

is a longer walk in G than W. o

24



Thus W is an Eulerian tour of G. O

Observe that the same proof works if G is allowed to have loops or multiedges.

Problems from the Text

Section 4.4: 1,2,5,6,7

4.7 Triangle free graphs

Problems in extremal graph theory ask such things as how big or small a graph
can be and have a certain property.

Some simple such questions are:

Problem 4.7.1. How many edges can a graph on n vertices have? How few?

Too simple. How about:

Problem 4.7.2. How many edges can a graph on n vertices have and not be
connected? How few edges can a graph on n vertices have and be connected?

Still too simple?

Problem 4.7.3. How many edges can a graph on n vertices have, and have no
triangles?

The bipartite graph K, (,,_q) has no triangles and has a(n — a) edges.
Problem 4.7.4. Show that a(n — a) is maximized when a = |n/2|. Show that
[n/2](n = [n/2]) = [n/2][n/2] = [n?/4].

So a graph can have [n?/4] edges and have no triangles. Can it have more?

Definition 4.7.5. Let T'(n) be the maximum number of edges in a triangle free
graph on n vertices.

The above example showed that T'(n) > |n?/4].

Theorem 4.7.6. For all n > 1 we have T(n) < [n?/4].
Proof. As T(n) is an integer, it is enough to show that t(n)leqn?/4. The base
case is n = 1 and 2 for which it is clearly true. Assume the theorem holds for

all graphs on at least n vertices, and let G = (V| E) be a triangle free graph on
n + 2 vertices.
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Choose an edge e = {x,y} from F, and let G’ = (V’, E’) be the subgraph of
G induced by V' =V \ {x,y}. Let E, be the set of edges from z to a vertex of
V', and E, be the set of edges from y to a vertex of V.

As E = FE + E, + E, + {e}, and from the fact that G is triangle from we
get that |E,| + |Ey| < n, we get from the induction hypothesis that

n? (n+2)?
Fl < — 1l=—.
|E| < Tt 1
O

Problem 4.7.7. Observing what must happen to get equality in the last line
of the proof, prove that if a triangle free graph G on n vertices has T'(n) edges,
then it is the graph K|, /2] [n/2]-
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5 Trees

5.1 Definition and Characterisations of Trees
Definition 5.1.1. A tree is a connected graph containing no cycles.

There are several useful alternate definitions of trees.

Theorem 5.1.2. Let T = (V, E) be a graph with n vertices. Then the following
are equivalent.

i) T is a tree.

it) For any two vertices u and v in 'V there is a unique path between u and v.
it1) T is connected, but becomes disconnected when we remove any edge.
i) T has no cycle, but contains a cycle if we add any edge.

v) T is connected and |V| = |E| + 1.

Draw a couple of trees, and it become pretty clear that the above is true.
But proving it takes some care.

First we prove the equivalence of the first four items.

Proof. Assume (i), that T is connected and has no cycles. We show (ii), that
there is a unique path between any two vertices. Indeed, as T is connected there
must be a path. If there are two paths from u to v then follow one forward and
then the other backwards, drawing arrows on the edge as you follow them. This
gives you a closed walk from u back to u, in which every path has the same
number of in-arrows as out-arrows. If the paths are not the same, you can find
an edge x — y with an arrow one way, but not the other. Starting at x follow
that arrow to y. As y has the same number of in and out arrows, it has a edge
with an out-arrow but not an in-arrow. Follow that. In the same way, you can
keep following edges with out-arrows but not in arrows, until you end up at
a vertex you've already visited. So you have found a cycle, which T does not
have. So the paths are the same, and so there is a unique path between u and
.

Assume (ii). We show (iii), that T is connected but removing an edge dis-
connects it. As there is a path between any two vertices T' is connected. If we
remove an edge {u, v} then we have removed the unique path between u and v,
so T becomes disconnected.

Assume (iii). We show (iv), that T has no cycles but does if we add any
edge. To see that T has no cycles, assume that it has one containing the edge
e = {u,v}. So there are two paths in T from u to v: one is e, and the other is
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the path we get from the cycle by removing e. Now for any pair of vertices x
and y in T, if the path between them in T doesn’t use e, then it is still in T — e,
and if it does use e, then there is another walk between them using P instead
of e, and this in in T — e. This contradicts the fact that T — e is disconnected.
To see that adding any edge e = {u,v} to T makes a cycle, observe that as T
was connected there was already another path from v to v.

Assume (iv), we show (i) by showing that T it is connected. Let u and v be
in T. Adding the edge e = {u,v} we get a cycle in T + e, so there was already
a path from u to v in T. O

To prove the equivalence of the last item, we start with two Lemma that
will be useful in applying induction.

An end-vertex or leaf of a graph is a vertex of degree one.

Lemma 5.1.3. Fvery tree with at least one edge has at least two leaves.

Proof. If a tree T has at least one edge, then it contains a path, and so contains
a maximum path P.

Problem 5.1.4. Show that the endpoints of P path must be leaves of T

O

Lemma 5.1.5. Let £ be a leaf of a graph T. Then T is a tree if and only if
T — 70 is.

Proof. If T is a tree, then it has no cycles, so T — ¢ has no cycles, so T — ¢ has
no cycles. We are done if we can show that T" — ¢ is connected. For u and v in
V(T) — ¢ we have a path P between v and v in 7. If this path is not in 7' — ¢
then it contains £. But this is impossible as ¢ has degree 1 and the only degree
one vertices in P are the endpoints v and v.

If T — 7 is a tree then it is connected, and so as £ has an edge, T is clearly
connected. Also T'— ¢ has no cycles. We must show that T has no cycles. If
it had a cycle C, then C' would have to contain ¢. But a cycle can contain no
vertex of degree one. O

Finally we finish the proof of Theorem 5.1.2

Proof continued. By induction on n = |V(T')| we prove the equivalence of (i)
and (v). When n = 1 both (i) and (v) are always true, so the base case is trivial.
Assume now that n > 1 and the equivalence holds for graphs on at most n — 1
vertices.
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Assume (i), that 7" is a tree. Then T has a leaf ¢ and removing it gives a
tree T'. By induction |V(T")| = |E(T")| + 1. But T has one more vertex and
one more edge than 7", so

V(D) = V(T + 1= E(T)| +2 = |E(T)| +1,

as needed.

Assume (v). Then T is connected and |V(T)| = |E(T)| + 1. If every vertex
had degree at least 2 then 2|E(T)| = >, o deg(v) > 322 = 2|V(T)| and so
|E(T)| > |V(T)|- But this isn’t true so there is some vertex ¢ with degree less
than 2. As T is connected and n > 1, £ has degree 1, so is a leaf. But then
where 77 = T — ¢ we have that

V(T = V(D) = 1= |E(T)|+1-1=|E(T)|+1

and so by induction 7" is a tree. But then by Lemma 5.1.5, so is T', as needed.
O

Problems from the Text

Section 5.1: 1,24, 5

5.4 The Minimum Spanning Tree Problem

Definition 5.4.1. A spanning tree of a graph G is a subgraph with |V (G)|
vertices that is isomorphic to a tree.

It is not hard to show that a graph G with is connected if and only if it has
a spanning tree. Indeed in a connected graph G with n vertices, we can find a
spanning tree T' with the following algorithm.

i) Choose a first vertex vg.

ii) For ¢ from 1 to n — 1, choose a vertex v; from V(G) \ {vg,...,v;—1} with
a neighbour w; € {vo,...,v;—1} and let {v;, w;} be in T.
As G is connected there will always be some v; in V(G) \ {vg, ..., v;—1 } with
a neighbour in {vg,...,v;—1}. The algorithm chooses n— 1 edges for T, and one

can check by induction that T'[(,,, .., is connected for all i, so T" is connected
subgraph of G on n vertices having n — 1 edges. Thus it is a spanning tree of

G.

Problem 5.4.2. In the above algorithm, show that T'|¢,, ... .,} is connected for
all 4.
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That was easy, but sometimes certain spanning trees are better than others.

Definition 5.4.3. A weighted graph consists of a graph G = (V, E) along with
a weight function w : V. — R. For a subgraph G’ of G the weight w(G’) of G’

is the sum
w(G') = Z w(e).
ecE(G")

Problem 5.4.4. Find a minimum weight spanning tree of the weighted graph

shown below.

]

This problem can be a bit harder that simply finding any spanning tree. But
it is not so much harder.

The following is Kruskal’s algorithm for finding a minimum weight spanning
tree T' in a connected weighted graph G.

i) Order the edges of G so that w(eg) < w(er) < -+ < w(em—1).
ii) Let e; € T
iii) For i =1 to m — 1 put e; into T unless it makes a cycle.

Problem 5.4.5. Use Kruskal’s algorithm to find a spanning tree of the graph
in the previous problem.

Problem 5.4.6. Show that the graph T returned by the algorithm is a spanning
tree.

Proposition 5.4.7. The spanning tree T given by Kruskal’s algorithm is a
minimum weight spanning tree.

Proof. Towards contradiction, assume that there is a spanning tree S of G with
w(S) < w(T). Relabel the edges of T" as {t1,...,t,} in non-decreasing order of
weight; that is, so

w(ty) <w(te) < - < w(ty).

Similarily relabel the edges of S as {s1,...,s,} in non-decreasing order of
weight. As w(S) < w(T) there must be some ¢ so that w(s;) < w(t;). Fix
1 as the minimum such index.

Let T' be the subgraph of T' consisting of the edges {t1,...,t;—1} and S’ be
the subgraph of S consiting of the edges {s1,...,;}. As both are subgraphs of
trees, neither contains a cycle.
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Claim 5.4.8. There is an edge s € S’ whose vertices are in different components
of T'.

Proof. Let Ty,..., T, be the components of 7. As S’ is acyclic, the number of
possible edges of S” between vertices of T} is at most |V(7})| — 1, and as T} is a

tree, the number of edges are exactly |E(T};)| = |[V(T};)| — 1. So S’ has at most
as many edges among vertices of T; as T does. But S” has more edges than T”

overall, so some edge of S’ must be between components of T”. o
As this s € {s1,...,s;} we have w(s) < w(s;) < w(t;). But then our
algorithm should have chosen s instead of ¢; to add to T'. This is a contradiction.
O

An algorithm, such as Kruskal’s algorithm, that take the best edge it can see
at every step, is called a greedy algorithm. Very often greedy algorithms don’t
work. This is one of the nice cases that they do.

Section 5.4: 1,2,3,4,5,8
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6 Drawing graphs in the plane

—\‘.%./' .
£ )

That’s drawing planes in the graph, smart ass!

6.1 Drawing in the plane and on other surfaces

A graph G is planar if it can be drawn in the plane with no edges crossing. A
drawing of the graph in the plane with no edges crossing is called a topological
planar graph or a plane graph.

Problem 6.1.1. Show that K4 is planar but that K5 is not.

We can talk of drawing graphs on other surfaces, such the spheres, the torus,
or the double torus.

Problem 6.1.2. Show that K5 can be drawn on the torus (doughnut).

Section 6.1: 1, 2

6.2 Cycles in Planar graphs

We showed that K5 is not planar by ad-hoc arguments, but such arguments
difficult for larger graphs. That’s okay though. That K5 is not planar tells us
that a lot of other graphs are not planar.

Problem 6.2.1. Show that no graph containing K5 as a subgraph, can be
planar. Show that the petersen graph is not planar.

Definition 6.2.2. A subdivision of a graph G is a graph we get from G by
dividing edges. That is, G’ is a subdivision of G if we can construct it by
repeated application of the following construction, called an edge subdivision.

e remove an edge e = ab,
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e add a new vertex v,

e add the edges av. and bv,.

It should be pretty clear that because K35 is not planar, no subdivision of Kj5
is planar. So no graph containing a subdivision of K5 as a subgraph is planar.
Can you think of any other graphs that are not planar? Please don’t look ahead.
It will ruin the surprise.

Okay. Here’s the surprise. K33 is also not planar, and has no subdivision
of K5. But that is essentially it. Kuratowski showed the following.

Theorem 6.2.3 (Kuratowski’s Theorem). A graph is planar if and only if it
contains no subdivision of Ks or K33 as a subgraph.

We won’t prove this, as it is a little involved. But we should show the
following.
Problem 6.2.4. Show that K3 3 is not planar.

One can do this with ad-hoc arguments. But we can also do it more me-
thodically. We do so in the next section.

Problems from the Text

Section 6.2: 2

6.3 Euler’s Formula

A planar drawing of a graph G defines faces in the plane: the little bits of
plane you get by cutting along all the edges of the drawing. Where |V (G)| = n
and |E(G)] = m and f is the number of faces. Euler showed the following
fundamental identity.

Theorem 6.3.1 (Euler’s Formula). For any embedding of a connected graph G
in the plane,
n—m+ f=2.

Proof. The proof is by induction on m. As G is connected, m > n — 1. If
m = n — 1 then G is a tree, so there is only one face, and the identity holds.
This is our base case.

Now assume that m > n. Then there is an edge e whose removal does not
disconnect the graph. Remove it. Its removal joins two faces, so reduces f
by one, but also reduces e by one. So the identity holds from the induction
hypothesis. O
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Corollary 6.3.2. If G is connected and planar and n > 3, then
m < 3n — 6.
Proof. Count the number N of pairs (e, ) where e is an edge, and r is a face

with e on the boundary. As every edge is in at most 2 faces, we have that
N < 2m and as every face has at least 3 edges, 3f < N so

2
Plugging this into n — m + f = 2 gives that
2
n—m/3=n—m+§m22
so m < 3n — 6 as needed. O

Problem 6.3.3. Use this corollary to show that Kj5 is not planar.

Problem 6.3.4. Using the fact that a bipartite graph has no triangles, so a face
of drawing must have at least four boundary edges, show that for a bipartite
planar graph

m<2n—4

. Use this to show that K3 3 is not planar.

Problem 6.3.5. Let G be a planer drawing of graph with 16 edges in which
every vertex has degree 4. How many faces does the drawing make?

Problem 6.3.6. Show that any planar graph has a vertex of degree at most 5.

Platonic Solids (a bit of fun)

Recall that a platonic solid is a 3-dimensional convex solid bounded by f copies
of the same flat face, such that every vertex (point of intersection of more than
two faces) intersects the same number of faces.

There are 5 platonic solids:

It isn’t the original proof, but Euler’s formula gives a nice proof that these
are the only platonic solids.

The set of vertices of such a solid and the set of edges (intersections of 2
faces) make up a regular graph, and it is not to hard that this graph can be
drawn in the plane so that every face has the same number of bounding edges.

(Recall a graph is regular if every vertex has the same degree. )
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Theorem 6.3.7. The only connected regular graphs that can be draw in the
plane with each face having the same number of edges, are the 5 we get from the
platonic solids above, and cycles.

Proof. Let G be a planar graph that is regular with degree d, and assume there
is a planar drawing such that every face has b edges. Let f be the number of
faces.

We have seen that the sum of the degrees of a graph is 2m, so

2m = dn.

Summing the number of edges per face over all the faces, we get fb and
clearly every edges was counted twice, so

fb=2m =2n.

By Euler’s formula we then get that

2m 2m
2=mn— = _ z
n—m+ f pi m+ 5
yielding
1_1 11
m d 2 b
and so
IS
d b 2 m

If b,d > 4 then é + % < % so there is no solution to above equation. If
one of b or d is 3 and the other is at least 6, the again there is no solution.
(b can never be less than 3 as there is no face with 2 edges; if d is less than
3 then G can only be a cycle.) If b = 3 then the d can be 3 (tetrahedron),
4 (octahedron) or 5 (icosohedron). If d = 3 then b can be 3 (tetrahedron), 4

(cube), or 5 (dodecahedron). O

Problems from the Text

Section 6.3: 1,2,3,7(for fun)
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9 Finite Projective Planes

Before we actually get into this section we add some background material that
we will use.

Modular Arithmetic
9.0.1 The Euclidean Algorithm

Recall that for any two integers n and m > 0 there there are unique integers g
and r, with 0 < r < n such that

n=q(m)+r.

Usually q is called the quotient of n by m, and r is the remainder when dividing
n by m. We call r the image of n modulo (or mod) m.

An integer d divides a, or is a divisor of a if the image of a modulo d is 0.

Problem 9.0.8. Show that d divides a if and only if there is some ¢ such that
a = qd.

Problem 9.0.9. Show that if d divides m and n then it divides r where n =
q(m) +r.

For integers a and b, the greatest common division ged(a, b) of a and b is the
largest integer d that divides a and b.

The extended Euclidean algorithm tells us that for any integers a and b, if
there are integers p and ¢ such that

pla) +q(b) = ged(a, b).

In particular if m is prime then for any integer ¢ with 0 < i < m there are
integers p and ¢ such that

p(a) +q(b) = 1.

9.0.2 Definition and properties of Modular Integers

Let Z,, = {0,1,...,n— 1} be the set of possible images of integers mod m. We
can make Z,, into what is called a ring by defining operations. For z,y € Z,,
let

r@y=x+y modm

and let
r@y=xxy modm.

So for example in Z7 we have that 52 =0, and 5 4 = 2.
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Problem 9.0.10. Fill in the addition and multiplication tables for ® and ® in

7.
slol1]2]3 @lo]1]2]3
0101 3 010 0
1 0 1
2 2 2
3 3 1

The operations @ and ® have many of the same properties that 4+ and x
have for Z.

Problem 9.0.11. Show the following for a,b and ¢ in Z,,.

e adb=bDa
e aRb=>b®a
e 0Pa=a
e 0®a=0
e l1®a=a

a®(bdc)=(a®db)®(a®c)

Not everything is the same though.

Example 9.0.12. We do not have cancellation in Zg. Indeed we have that
21=2=24,

but 1 # 4. We cannot cancel the 2. The problem is that 2 ® 3 = 0.

A zero-divisor in Z,, is a number a # 0 such that a ® b for some b € Z,,
with b # 0.

There are no zero-divisors in Z, but there may be in Z,,.

Problem 9.0.13. Show that if m is not prime then Z,, has zero-divisors.

A multiplicative inverse of an element a € Z,, is a number b such that
b@®a = 1. Because of the following, we may denote the mutliplicative inverse of
abyal.

Problem 9.0.14. Show that if a € Z,,, has a multiplicative inverse, then it has
only one of them.

Problem 9.0.15. Show that if a has a multiplicative inverse then it is not a
zero-divisor.
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Theorem 9.0.16. The ring Z,, contains zero-divisors if and only if m is prime.

Proof. You have already shown the only if part. For the if part, observe that
if m is prime, then for any non-zero integer a € Z,, we have by the Extended
Euclidean Algorithm that

1 =2z(m) +y(a),

so ya = xm~+ 1. Thus y ® a = 1 which means that y = o' is the multiplicative

inverse of a. By the previous problem, a is therefore not a zero-divisor. This is

true for all a # 0, and so Z,, has no zero-divisors. O
As there are no problems in the text for this section, here are some.

Problem 9.0.17. Find the image of 15(17) — 19 in Z;.

Problem 9.0.18. Find the last digit of 719°.

Problem 9.0.19. Find the multiplicative inverse of 5 in Zg.

Problem 9.0.20. Show that for any n, every element a € Z,, has an additive
inverse: an element —a such that a ® (—a) = 0. Show that if a @b = a @ ¢ then
b = c. (Usually we write a © b for a & (—b).

Problem 9.0.21. Show that for any n and any a € Z, the set
Zpn®a={z®alx €y}

is Zy,.

Problem 9.0.22. Show that for a € Z,, the set
Zn@a={x®alx€Zn}

is Zy, if and only if a has a multiplicative inverse in Z,,.

Problem 9.0.23. Show that 3 divides n if and only if 3 divides the sum of the
digits of n.

Problem 9.0.24. Show that for all n > 1, 4™ = 3n + 1 in Zg. (Hint: use
induction)

9.1 Definitions and basic properties

Recall that in a plane any two points determine a unique line, and any two lines
intersection in a point. Oh, unless they are parallel! Perhaps you have seen
that this 'unless they are parallel’ exception can be removed by adding ’points
at infinity’ where parallel lines meet. This is what they do to make the real
projective plane.

This is too big for us. We want a discrete version of a projective plane.
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Definition 9.1.1. Let X be a finite set of elments (called points) and let £ be
a family of subsets (called lines) of X. The pair (X, L) is a projective plane if
the following azioms are true:

(PO) There is a 4 element set F' C X such that |[L N F| < 2 for each L € L.
(P1) Any two distinct sets L and L’ in £ have |LNL'| = 1.

(P2) For any two distinct elements 1,29 € X there is exactly one set in £
containing x; and xs.

Axioms (P1) and (P2) are analogues of the properties we mentioned above
for projective planes. Axiom (PO0) is just there to remove some unintersting
degenerate structures that satisfy the other two conditions: structures such as
empty structures, a single point with many (or no) lines, a line with many (or
no) points, a structure with 3 points.

It turns out, that these axioms are quite restrictive. Finite projective planes
are a bit hard to find. Can you find one? Start with the four points you have
by axiom (P0), and see what it forces. Drawing lines in a plane is useful, but
also dangerous.

Lets look at some of the restrictions these axioms imply.

Lemma 9.1.2. For any two lines of a projective plane P = (X, L), there is
some point not in either line.

Proof. Let L and L’ be lines of a projective plane P. Consider the four points
{a,b,¢,d} in X we have by axiom (P0). If one of them is not on L or L’ we are
done. So each of them is either on L or L', and by axion (P0) there are two of
them on each of L and L'. We may assume that {a,b} C L and {c¢,d} C L'. But
then there is some line L,. through a and ¢ and a line L4 through b and d, and
again by axiom (P0) they do not intersect in any of a, b, c or d. So they intersect
in some point . If x € L, then there are two lines containing it and a and if
x € L’ then there are two lines containing it and c. Neither is allowed. O

Proposition 9.1.3. In a finite projective plane, all lines contain the same
number of points.

Proof. Let L and L’ be two lines of a projective plane (X, £). By the Lemma,
there is some point x on neither of them. Now, for any point @ in L, a is in a
line L, with z, and this line L, must intersect L’ in exactly one point a’. The
map a — a’ is a bijection from L to L’. Indeed, it is clearly an injection, and it
is invertible by defining a map from L’ to L in the same way. O

With this done, the following is a good definition.
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Definition 9.1.4. The order of a projective plane (X, L) is the value
n=|L|—1

for any line L € L.

For a projective plane P = (X, L) of order n do the following.
Problem 9.1.5. Show that for any point « there is a line L not containing z.
Problem 9.1.6. Show each point of P is in n + 1 lines.
Problem 9.1.7. Show |X|=n?+n+1.
Problem 9.1.8. Show |£| =n? +n + 1.

Definition 9.1.9. Let (X, £) be a projective plane. For a point € X let A,
be the family of lines containing x. The dual (£, A) of (X, £) is made by viewing
the elements of £ as points, and defining the following set of lines:

A={\ |z e X}

Proposition 9.1.10. The dual P’ = (L,A) of a finite projective plane P =
(X, L), is a finite projective plane.

Proof. To show that P’ satisfies axiom (P1) let A, and A be lines of P'. As a
and b occur together in a unique line Lqp of P, Ag N Ay = {Lap}-

To show that P’ satisfies axiom (P2) let L and L’ be distinct points of P’.
As L and L’ are lines of P the intersect in exactly one point a of P. So the
occur together in exactly one line A\, of P’.

For axiom (P0) we must find four points of P’ (so lines of P) such that no
three of them are in a line A, of P’ (so that no three of them intersect in a
point = of P). Take the four points a,b,c,d of P assured by axiom P. They
define (3) = 6 lines each of which contains exactly two of a,b,c,d. Remove
the one containing a,b and the one containing c¢,d and we are left with four
lines Lye, Lag, Lye and Lpg where the index of each tells us which two points
in {a,b,c,d} it contains. These are our points: no three of them intersect in a
point in {a, b, ¢, d}, and no three of them intesect in some other point z, as two
of them already intesect in one of the elements of {a,b, ¢, d}.

O

So the dual of a dual of a projective plane is also a projective plane.
Proposition 9.1.11. The dual of the dual of a projective plane P, is P.
We won’t prove this. The proof of these comes immediatly from an alternate

construction of the dual which we only sketch. It is given in more detail in the
text.
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For a projective plane P = (X, £) let G, be the bipartite graph we get on
the vertex set V(G) = X U £ by putting an edge between € X and L € £ if
x € L. Then the dual P’ of P is the projective plane whose graph Gp: we get
from Gp by switching the roles of X and L.

Taking the dual of the dual switches the roles of X and £, and then switches
them back.

Problems from the Text

Problem 9.1.12. If a projective plane has each point in 6 lines, how many
points does it have?

Problem 9.1.13. If a projective plane has 31 points, how many points lie in
each line?

9.2 Existence of finite projective planes

We have seen a projective plane of order 2. Projective planes of order 3, 4 and
5 exist, but there are none of order 6. There exists some of order 7,8,9 and 11.
There are none of order 12, and we don’t know if there is one of order 12. Its a
hard problem to decide.

Now we construct some finite projective planes. They are related to latin
squares, so we talk about these first.

9.3 Latin Squares

This section is very brief in the text. We expand it some.

9.3.1 Definition and examples

A precursor of Sudoku things, a latin square of order n is an n X n matrix with
entries from Z, such that each number in Z,, occurs exactly once in each row
and column.

Some easy examples are

01|23
011 0(1)% 310112
011 1210 21301
1121310

Maybe you saw the last as the addition table for & in Z,. Indeed, the addition
table for Z,, gives a latin square for all n.

42



Usually we number the rows and columns of an n X n matrix by the numbers
i=1,...,n, but as we are playing with Z,, a lot, it will be useful to number
them with ¢ =0,...,n — 1.

So the upper left entry of A = [a;;] is aoo-

Theorem 9.3.1. The n x n matriz A = [a;;] where
Qjj = 1DJ
18 a latin square.

Proof. As there are n symbols, and n entries in each row and column, it is
enough to show that no symbol a € Z,, occurs twice in the same row or column.
Assume for some r that a,; = a = a,;. Then

r®i=a; =a=a; =70 ],
which gives that ¢ = j. So no entry a occurs twice in a row. A similar proof

shows no entry occurs twice in a column. O

So latin squares are pretty easy to find. In fact, as we can permute the
symbols {0,...,n — 1} in a latin square, and get another, once we have one we
have n! isomorphic ones.

There are plenty of other latin squares too:

012|134
2134|101
41011123
11231410
314(0|1]2

Problem 9.3.2. For prime p and a non-zero number a € Z, show that the pxp
matrix A(®) = [a;;] where
ai; = (1©®a)

is a Latin square. Hint: use problems 9.0.21 and 9.0.22
By permuting the symbols, we can always assume that a latin square is in

standard form: the first row is (0,1,,...,n —1).

Definition 9.3.3. Two latin squares A = [a;;] and B = [b;;] of order n are
orthogonal if

{(aij, bij) | 4,7 € [n]} = Zp, X Zy,.
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Example 9.3.4. The latin squares

0|12 0|12
11210 and 1
2101 11210

are orthogonal because when we superimpose them we get each ordered pair

0 1 2

0 1 2
1 2 0

2 0 1
2 0 1

1 2 0

Can we find three latin squares of order 3 any two of which are orthogonal?

Definition 9.3.5. A set A1) ... A®) of latin squares are mutually orthogonal
latin squares (MOLS) if for any i # j € [k] the latin squares A®) and AU) are
orthogonal.

Theorem 9.3.6. If A ... A®) is q set of MOLS of order n, then k < n.

Proof. Suppose we had MOLS A% = [ag?)} of order n for k = 1,...,n. Then

we may assume that each is in standard form. So a(()]f)) = 0 for all k. But then

a%) # 0 for any k so the set {a%), . aiﬁ)} must contain a repeated element a.
Without loss of generallity, assume that a%) = a(l? = 1. Then AM and A(?)
are not orthogonal as agll) = aézl) =1 also. O

Now this bound is sharp if p is prime.

Look at the following four latin squares of order 5:

011234 012|134 01234 011234
11213410 2134|101 31410112 41011123
2134|011 41011123 112131410 314(0|11]2
3141012 1121340 410111213 2134|101
410111213 3141012 21314011 1123410

Do they look orthogonal?

Theorem 9.3.7. For any prime p, the order p latin squares AV ... A®P=1
defined in Problem 9.3.2 are MOLS.
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Proof. Fixa# b e [l,...,p—1]. To show that A(® and A® are orthogonal, it
is enough to find for every (o, 3) € Zf, a pair (4,7) such that

a=al =(i®a)®;

and
B=dP =(ixb)aj

J

This is two equations in two unknowns.

Problem 9.3.8. Finish the proof by solving these equations for ¢ and j. Check
that your solution is right with the p = 5 examples above.

Problem 9.3.9. Construct two MOLS of order 7

Problem 9.3.10. A latin square A = [a;;] is idempotent if a;; = 4 for all 7.
Construct an idempotent latin square of order 5.

9.4 Projective Planes from MOLS

Theorem 9.4.1. For n > 2 there is a projective plane of order n if an only if
there exists a collection of n — 1 MOLS of order n.

Sketch of proof one way. Let AV ..., A=) be a family of n — 1 MOLS of
order n We construct a projective plane P = (X, £) of order n.

For the points of P let X consist of

e The positions of a latin square: pairs (i, ) € Z2.
e Points at infinity: ¢,7 and s; fori =1,...,n— 1.
The lines are

e B={e,r,81,...,80—1}-
o C;={c(1,5),(2,7),...,(n,j)} for each j € Z,,.
e R, ={r(i1),(¢2),...,(in)} for each i € Z,.

e Skm = {sk}U{(7,7) | agf) =m} foreach k =1,...n—1 and each m € Z,.

The last is the only one that is a bit hard to understand. For each of the latin
squares A®) and each symbol m, we make a line, with s;, of all the positions in
which A®) has an m. O
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Problem 9.4.2. Starting with the one latin square of order 2, make a projective
plane of order 2.

Problem 9.4.3. Starting with the fano plane, pick an arbitrary edge to be the
infinite edge B. Choose points of B to be ¢, and s;. Show how this defined a
latin square.

Problem 9.4.4. Make a projective plan of order 3.

Problems from the Text

Section 6.3: 2,6
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