2022 Probability and Statistics Practice
Test Solutions

1. A bowl contains nine blue chips and one red one. You draw chips, without
replacement, until you draw the red one. X is the number of chips you
draw. What is the pmf p of X? What if you replace the chip removed
after each draw?

Without replacement it is
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=1/10

for x =1,2,...10.
With replacement it is p(x) = (9/10)*~! - (1/10) = 91300—;1.

2. Let C1,C5, C3 be mutually independent events. Show that C; U Cy and
Cs5 are independent. (You may use the fact that Cj, C’]? and C}, are also
mutually independent for distinct 4, j and j,)

We need to show that P(Cy U Cs | C3) = P(Cq U C2). Partitioning C1 U Cs
into three disjoint sets

CiLuCy = (Clng)u(Clm()g)U(CfﬂCQ)

we compute

P([C1UC2]NCy)
P(C3)
P([C1NnC5NC3]U[Cr NnC2NC3lU[Cf NCa N C3])
P(Cs)
P(C1NC§NC3)+ P(C1NC2NC3)+ P(CENCaNC

P(Cl U Cy ‘ C3)

P(C3)
P(C1)P(C5)P(C3) + P(C1)P(C2)P(C3) + P(CT)P(Cy

)P(C3)

P(Cs)
= P(C1)P(C3) + P(C1)P(C2) + P(CT)P(C2)
= P([Cl ﬂCZC]U[Cl ﬂCQ]U[CfﬂCQ}):P(Cj[UCQ)
For the second equality we used DeMorgan, for the third and sixth equalities

we used that these three sets are disjoint, and for the fourth equality we used

the independence,




3. Let C1, Cy, C5 be mutually independent events with probabilities 1/2,1/5
and 1/5 respectively. What is P(C; U Cy U C3)?

The probability that none of the events happens is 1/2x4/5x4/5 = 8/25. So
the probability that at least one did is 17/25.

4. Let X have the pdf f(x)
—2<z <3
(a) Find c.
(b) Find P(X? < 4).

(z + 2)/c for some constant ¢ and support

To find ¢ we solve

which gives ¢ = 25/2.
So

P((X? < 4)

= 2/25[2¢]2, =

3
il = 1/1:/ x+2dx =1/c-[2%/2 + 22]3,
—2

2
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—2

16/25

5. Find the mean and variance of the distribution with cdf

&

on the support [0, 4].

x/8
22/16

fo<z<?2
if2<z<4

The mean is

and so the variance is

Var(X) = BE(X?) - E(X)* =

Differentiating, the pdf f(x) is 1/8 on [0,2) and x/8 on [2,4].

2z 4 22 1 64 — 16 9
E(X) = —d —dx = —(2 ==
(X) /0 8 x+/2 gde=32+ ) =1
the second moment is
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6. Let X have pdf f(x) = 62(1—x) for its support (0,1). Let 4 = E(X) and
o2 = Var(V).

(a) Bound P(p — 20 < X < p+ 20) using Chebyshev’s inequality.
(b) Find P(pu —20 < X < pu+ 20) exactly.

Solution




