Class Notes for Applied Probability and Statistics

Mark Siggers

ver .2022/06/10

These notes are for a upper undergraduate or graduate one semester course
on Probability and Statistics, and are largely based on Hogg, McKean, and
Craig’s ‘Introduction to Mathematical Statistics’ (International Seventh edition)
which we refer to as [1], or as ‘the text’ They cover much of the material in the
first four chapters of the text.

Section numbering follows the text, and problem numbers often refer to
the text. Problems within the notes are usually quite easy, checking that we
know definitions, and making simple observations that we will use later. It is
important to look also at the problems from the text.

1 Probability and Distributions

1.1 Introduction

Probabililty theory in its pure form has much of the flavour of real analysis.
In this course on applied probability theory, we try to avoid this formality not
by sacrificing rigour, but by avoiding exceptional cases. We generally assume
things to be nice. Our goal is to get an introduction to how probablility can be
applied, both in statistics and in mathematics.

Probability theory for statistics is concerned with random experiments -
experiments that can be repeated several times, under the same conditions, and
have different outcomes. They are characterised by the fact that we cannot
predict the outcome of an individual experiment but can predict the frequency
of the outcome over many repetitions of the experiment.

For example, an experiment might consist of tossing a coin. We cannot
predict whether the outcome will be heads or tails, but if we toss the same coin
100 times, we are all going to guess that the outcome will be heads 50 times.

Would we bet on it though? Would you take the following bet? You pay
W1000 and toss a coin 100 times. If the outcome is heads exactly 50 times, you
win ¥2000.



Probably not. Would you take the bet if you win in the case that the outcome
is heads between 40 and 60 times? This is the kind of question that probability
theory lets us address.

In statistics we will not be really be interested in probability that a coin
comes up heads, but perhaps we will be interested in the probability that a
given person in a population tests positive for some disease. Our goal will be
to look at the data of an experiment, estimate such a parameter, and then give
some measure of how good our estimate is.

On the other hand, the application of probability to mathematics is usually a
way of counting structures, and through this, determining properties that most
of the structures have, or showing that a structure with a given property must
exist.

For example, by constructing a graph by randomly adding an edge between
any two vertices with some given probability, and then calculating the proba-
bilities that the graph has small cycles or large independent sets, we show the
existence of graphs of large girth and large chromatic number.

The obvious commonality in these applications is the notion of something
happening randomly. This brings us to random variables, which are the starting
point of our course.

1.2 Set Theory

We will generally consider sets of points in R or R™, such as

C={(zy)|lr e R,y =2z}
The union and intersection of sets are denoted standardly by such notation
as C1 UCy, UK C;, U, Ci, C1 N Coy NE_,Cy and N2, C.

The empty set, or null set is often (but not always) denoted in [1] by ¢, but
I will use the more standard (.

Subsets are denoted C7; C Cy and may be equal. A set C' is usually assumed
to be a subset of and underlying universe €, and the complement of a set C' is
defined as

C=¢—-C={zec¥|xgC}.

(The notation X will play a different role.)

Recall the following basic set laws.

i) CuCcc=¢%.
ii) CNCe=0.
i) CUE =¢€.



iv) Cn¥ =C.
v) (C1UCy)¢ = CfNCS (Demorgan).
vi) (C1NCy)° =CfuUCs.

Definition 1.2.1. The powerset (%) of a set € is the set of all sets in €.
A set function on € is a function from P(%) to the set R™ := R U {£oo} of
extended reals.

In a more thorough treatment of probability theory, we would define a set
function as a function from a g-algebra on % to the exended reals. This is a
subset of the powerset Z7(%) that is closed uner complements, and countable

intersections and unions.

Example 1.2.2. The cardinality map | - |, acting like:
|{17 37 5’ 67 7}| = 57
is a set function on any finite set 4. Its range is the natural numbers N C R.

Example 1.2.3. The area/volume function Vol is a set function on R2.

{(z,y) | z,y € [0,1]}) = 1.
ol({(z,y) | [(z,y) — 0] < 1}) = 2.
z,y) |y =22}) =

)

The area function is really just the integral Vol(S) = S@Ss 1dz. More gen-
erally for any function f : R® — R we can define a set function Vol; on R"

by
Vol (C) = #C f(@)dz

Example 1.2.4. Let Vol = Vol,-. then for C = [0, 00) € R, we have:

oo N
Vol(C) = / e *dr = lim e dx
0 N—oo [
— : _,—xz\ N
- ngnoo( e ) =0
= lim (e V+e)=0+1=1
N—00



The support Supp(f) of a function f : € — R is the subset of € on which f is
non-zero. Often we artificially extend a function to a more convenient universe
by defining it to be 0 where it wasn’t defined. To refer back to properties of the
original function, we then talk of its support. For example, a function defined
on the integers can be considered a real function, but with countable support.

Now, it is clear that for any f : R” — R with finite or countable support,
Vol = 0. In such cases, we will consider a discrete analogue Sumy(C) =

Zmec f(SU)
Example 1.2.5. Let f : R — R be defined by f(z) = (1/2)* for z € Z*
(positive integers) and f(x) = 0 otherwise. Then

Sums({r e N|z<3})=1/2+1/4=3/4

and
Sum¢(R) = Qf(Z+) =1/24+1/4+---=1.

This is our first introduction to what will become a consistant theme in the
course: concepts and definitions will frequently have continuous and discrete
versions.

Problems from the Text

Section 1.2: 1,5,6,8,11,14,16

1.3 The Probability Set Function

Definition 1.3.1. A probablility set function or distribution on a set € is a set
function P of ¥ such that

i) P(C)>0forall C C¥%.
ii) P(¢) =1.

iii) P is countably additive: for a family {C,}nen of pairwise disjoint sets
C,C%,

P(UX,Cy) = i P(C,).
n=1

We are now ready to define the basic setup that we will assume throughout
the course.

Definition 1.3.2. A (random) experiment or a probability space consists of a
set %, and a probability set function P of ¥. We call € the sample space, and
subsets of & events. Elements x € € are called outcomes, or sometimes, viewed
as singleton sets in €, elementary events.



Often a probability function, expecially for finite (discrete) €, is defined
additively by its value on elementary events.

Example 1.3.3. Tossing a coin is a random experiment with two outcomes:
€ = {H,T}. Setting P({H}) = 1/2 defines P as a probablility function on €
via the axioms of a probablitiy set function:

P(T}) = P(¢ —{H}) = P(¢) - P({H}) =1 - 1/2=1/2.

For elementary events like { H}, we will write P(H) for P({H}).

Example 1.3.4. Tossing two identical coins is a random experiment with three
possible outcomes: € = {HH, HT,TT}. The probability function is defined by
P(HH) = P(TT) = 1/4 and P(HT) = 1/2. The event C = {HT,HH} has
probability P(C) = 3/4.

Given a random experiment, we often define events non-formally: the event
C = {HT,HH} can be described as the event that ‘at least one head is tossed”.
We would say ‘The probability that at least on head is tossed is 3/4. and write
P( at least on head is tossed ) = 3/4.

Problem 1.3.5. Tossing two non-identical coins is an experiment with four
possible outcomes: ¢ = {HH,HT,TH,TT}. What is the probability that at
least one head is tossed?

Problem 1.3.6. Let % be the set of 36 possible outcomes
{(G,5) 4,5 € [6]}

when two different dice are rolled. What is the probablility of the following
events (assuming that each outcome is equally likely)?

Ditj=7
ii) i+ j is even
iii) i > j.

Example 1.3.7. A p-coin is a coin that when tossed, shows heads with prob-
abilty p and shows tails with probability 1 — p. Tossing a p-coin is a random
experiment with ¢ = {H, T} such that P(H) = p and P(T) =1—p. ( A }-coin
is called a fair coin.)

Unless otherwise stated, when we talk about events, it is always assumed
that they are events of a sample space € with a probabilitiy set function P.

Theorem 1.3.8. For events C,Cy and Cs, the following hold.

i) P(C¢) =1— P(C).



i) P(0) =

iti) C1 C Cy = P(Ch) < P(Cy).

iv) 0 < P(C)<1.

v) P(C1UCy) = P(Cy)+ P(C3) — P(C1 NCy).

Proof. All of these are pretty easy using the additivity of P. O

Now, the above theorem immediately yields the following which is known as
Bonferroni’s Inequality.

P(Cy N Cy) > P(Cy) + P(Cy) — 1. (1)

A sequence of events {C,} is non-decreasing if C,, C Cp41 for each n. A
sequence {D,} is non-increasing if D,, D D,+1. In this case we often write
lim,, 00 C; for US2 ;C; and lim, oo D; for NS, D;.

Given a non-decreasing sequence {C,, } of events, if we let R, 11 = Cpp1 —Cl
for each n, then the events R,, are pairwise disjoint, and so by the additivity of
P we have that

n—oo

P(lim C,) = P(U;L,C,) = P(U;Z R,) Z

n—roo

= nh—{%oZ:P(R‘) = lim P(C;).

That is, we can interchange P and the limit. We have essentially shown the
'non-decreasing’ part of the following.

Theorem 1.3.9. Let {C,,} be a non-decreasing or a non-increasing sequence of
events. Then

lim P(C,) = P(lim C,).

n—oo n—00

Problem 1.3.10. Prove the above theorem for a non-increasing sequence of
events.

Using C!, = C,, — U?;llCZ- instead of R,, in the proof of the above theorem,
we get the following.

Theorem 1.3.11 (Boole’s Inequality). Let {C,} be a sequence of events. Then

nlC Z

[=p}



Example 1.3.12. In a experiment, you flip a coin until you get two consecutive
heads or two consecutive tails. The sample space is

¢ ={HH,TT,HTT,THH,HTHH,THTT,HTHTT,THTHH,...}.
What is the probabilitly that the experiment ends with an H?

Letting C; be the event that we finish with two heads in at most ¢ flips, we
get that P(Cy) = P{HH}) =1/4, P(Cs) = P{HH,THH}) =1/4+1/8, and
in general that P(C,) =1/4+1/8+...1/2™. By Theorem 1.3.9, the probability
C = Ug2,C; that the experiment ends in two heads is

P(C) = P(UpL,Cy) = wgngo(i: 1/2%) = i 1/20 =1/2.

There is another easy way to do the above example. Assuming that the
experiment ends, it is easy to see, by symmetry, that it is equally likely to end
with H or with T, so with probability 1/2 it ends with H. This uses conditional
probability, which we will see next section, but still it must be shown that the
experiment ends. Or more precisely, it must be shown that the probability that
the experiment ends is 1.

Problems from the Text

Section 1.3: 1,3,5,8,10,13,15,20

1.4 Conditional Probability

In an experiment with some event C4 of probability 1/3, and another event Cp
of probability 1/2, does the knowledge that C4 occurs affect the probability
that Cg occurs?

It can.

In the following picture let C'4 be the event that a randomly placed dot in
% is placed in the orange region and Cp be the event that a randomly placed
dot in ¥ is placed in the blue region.

1A

CA» '- A

In the first picture, knowing that event C'4 happened doesn’t affect the
probability of event C'z. In the second picture, the fact that C'4 has occured
implies that event Cp definitely occurs.



In the first picture, the events C'4 and Cg are independent and in the second
picture they are not. Let’s give this a mathematical definition.

1.4.1 Conditional probability and independence

Definition 1.4.1. For events Cy and Cy, the conditional probability of Cy given
Cg is
P(C1NCy)

P(Cs)

The events C; and Cy are independent if P(Cy | Cy) = P(Ch).

P(C1| Cr) =

Notice that if two events C; and Cs are independent then we have that
P(Cy)=P(Cy | Cy) = 1)(}?(17952) and so
P(CyNCq) = P(Cy) - P(Cy). (2)

Indeed, this is an alternate definition of the independence of events, and because
of this, independence is sometimes called multiplicity.

Example 1.4.2. In the experiment ¢ = {(4,7) | i,j € [6]} where we roll two
independent dice. We define the events C7 : 1 < 3,Cy:j < 3,and C3 :i+j = 8.
Intuitively, we feel that the events C; and Cy should be independent, while Cj
should depend on either of them. Indeed, we see, among other things that
P(Cy) = P(Cy) =1/2, P(C3) =5/36, P(C; NC2) =9/36 = 1/4, and

2.6, G5) _ g

P(C5NCy) = 5

This gives the conditional probabilities,
e P(C1]|Cs)=P(CiNCs)/P(Ce) =(9/36)/(3/36) = 1/2 = P(Ch),
« P(C2|Cy) = P(C2nCh)/P(Cy) = (1/6)/(1/3) =1/2 = P(C%), and
« P(C3]Cy) = P(CsnC)/P(Cy) = (2/36)/(3/6) =1/9 # 5/36 = P(C3).

We conclude that C is independent of Cy and Cs is independent of C7, but C3
is not independent of C1.

Notice that C; and C5 were independent of each other. This should be
expected, as it is clear from (2) that independence is a symmetric relationship.
Here are some other obvious facts.

i) P(Cy|Cy) =1.
i) P(Cy | Cy) = P(CLNCy | Cy).



iii) For fixed Cy the function P(- | C3) : Z(€¢) - R: Cy — P(C1 | Cs) is a
probability set function.

iV) P(Cl N Cg) = P(CQ)P(Cl | CQ) = P(CQ)P(CQ | Cl)

This last fact can be extended to more events

P(ClﬂCQQCg) = P(ClﬁCQ)'P(03|ClﬂCQ)
— P(Cy)-P(Cy | Ch) - P(Cy | C1OCy)

and used as a way to calculate the probability of an intersection of events.

Example 1.4.3. There is a bucket 10 different coloured jelly-beans. In an
experiment you reach your hand into the bucket and pull out 3 jellybeans unseen.
The probability of the that we pull blue, green, and red, is 1/ (130). But we
can compute this another way. The probability P(Cj) that one of the chosen
jellybeans is blue is P(Cy) = (3)/(130), the probability that one of the other two

is green is P(Cy | Cy) = 8/ (g) and the probability that the final one is red is
P(C, | CynCy) =1/8.
This checks out, as
G 8 1 1
710\ T 79\ g 1oy
() G 8 ()
We have been using the notion of independence implicitly in some of our
examples. In the experiment when we tossed two coins, we said the probability
of the outcome, say HH, was P(HH) = 1/4. We were assuming that the

outcome of the second toss was independent of the outcome of the first. In this
case we say that the two tosses, or experiments, are independent.

We also assumed independence of the two dice rolls in the two dice experi-
ment.

1.4.2 Bayes Theorem

Let the events C, ..., C, be a partition of the sample space %’; that is, assume
that

i) C; and C; are independent for ¢ # j € [n], and
i) JC; =%.

The outcome of an experiment on % must be in exactly one of the C7, and so
for any event C' we have that

n n

P(C)=>_P(CNC;) =Y P(C|Ci)-P(Cy). (3)

i=1 i=1



Example 1.4.4. Consider the following experiment:

i) Flip a 1/3-coin A.

ii) Event C; is the event that A shows heads, in this event, flip a 1/3-coin;
event Cy is the event that A shows tails, in this event, flip a 1/2 coin.

iii) Cp is the event that the second flip is a head.

Now it is easy to compute P(Cy|C1) = 1/3, and say,
P(Cr) = P(Cp|C1)-P(C1)+P(Cu|C)-P(C2) = (1/3-1/3)+(2/3-1/2) = 4/9.

But what is P(C; | Cg)? Intuitively, we see that in the computation of
P(Cy), 1/9 of the 4/9 came from the case when C; held. So P(C} | Cy) = 1/4.

This is exactly what Bayes Theorem says.

Theorem 1.4.5 (Bayes Theorem). Let the events C1,...,C, € B be a partition

of the sample space €, and C € B. Then for any j € [n],
P(CNG)) P(C;)P(C| Cj)

S P(CNC) T, P(CHP(C[C)

PG| C) =

Proof. Indeed,

P(CNC;)  PC|C;)P(C))
P(C) P(C) '

Putting (3) in the bottom of the right-hand side gives the identity. O

P(C;|C) =

Example 1.4.6. Plants 1, 2 and 3 produce respectively 10%, 50%, and 40%
of the lightbulbs produced by a lightbulb company. Lightbulbs made in these
plants are defective with probabilities .01, .03, and .04 respectively. What is the
probability that a randomly chosen defective lightbulb was produced in plant
17

By Bayes Theorem the probabilitly is

10 % .01 1
(.10 % .01) + (.50 % .03) + (.40 % .04) 32

1.4.3 Mutual Independence

Definition 1.4.7. Events Cy, ..., C, are (pairwise) independent if for all i # 7,
C; and Cj are independent: P(C; N C;) = P(C;) - P(C;). They are mutually
independent if for all S C [n],

p((c) =[] P

€S €S

10



Problem 1.4.8. Show that a family of pairwise independent events need not @7

be mutually independent.

Problem 1.4.9. Show that if Cy,...,C,, are mutually independent, then so Hﬁ
are

i) Cl U 02 and 03, or
11) Clc N CQ and 03.

Problems from the Text

Section 1.4:

6,8,11,18,23,30,34

1.5 Random Variables

Definition 1.5.1. A random variable or RV is a real function
X:9—-R

on the sample space 2 of some experiment. The image € = X (2) is called the
space of X.

Example 1.5.2. In an experiment, we flip 100 fair coins. So the sample space
is 2 = {H,T}'%. Let X be the random variable such that counts the number
of heads in an outcome of #. Then ¥ = X(2) = {0,1,2,...,100}.

The random variable is used to define a new probablity space on ¥ =
{0,1,2,...,100}, which is usually a bit easier to work with than the original
probability space on 2 = {H, T}'%. Indeed, by the construction of the experi-
ent we can compute the probabilty of any event.

Problem 1.5.3. In the above example what are the following probabilities?

i) P(X =3)
ii) P(2 <X < 30)

i) P(2 < X < 30)

This allows us to defined the cumulative distribution function, which we will
use in the next section to define the a probablility set function for the new
probability space.

Definition 1.5.4. The cumulative distribution function or cdf of a random
variable X is the function F, : R — [0, 1] defined by

Fx(z) = P(X < x).

11



100
D -

and that in general, for x € €,

Example 1.5.5. Continuing the above example, we have that Fx (0) = (

Fx(100), that Fx(1) = Fx(0) + (") (%)

po=(3) 2 ()

Observe also that we have such values as Fx(—3) = 0, Fx(499) = 1, and
Fx(2.3) = Fx(2).

Problem 1.5.6. What is the cdf of a random variable X that counts the number
of heads in an experiment in which 100 p-coins are tossed?

Problem 1.5.7. In the two dice experiment with the sample space 2 = {(z,vy) |
x,y € [6]} of 36 equally likely outcomes, let X : € — R be the random variable
defined by X ((z,y)) = z +y. Find Fx(4).

Example 1.5.8. Let X be the identity on the sample space ¢ = [0, 1] in which
each outcome is equally likely. Then Fx(z) = P(X < z) = z, for z € [0,1].
(Also Fx(z) =0if z <0 and Fx(z) =1if = > 1.)

A random variable X is discrete if its sample space % is finite or countable.
Examples 1.5.2 and 1.5.5 have discrete RVs while the RV in Example 1.5.8 is
not discrete. The treatment of discrete and non-discrete RVs is a little different,
and we will consider them separately in the next two sections. But before we
do this, we make a couple more observations about the cdf.

Theorem 1.5.9. Let F be the cdf of an RV. Then

i) a <b= F(a) < F(b),
1) lim, o F(z) =0,
it1) limg, 00 F(x) =1, and
i) lim,_,,+ F(z) = F(a).
Problem 1.5.10. Prove the above theorem.
Problem 1.5.11. Show that lim, ,,- F(x) = F(a) need not be true.

Problem 1.5.12. For an event B C %, the indicator random variable Ip :
2 — 10,1], is defined by

1 ifzeB
Ip(x) = { 0 otherwise.

Show that P(Ip = 1) = P(B).

12



1.6 Discrete Random Variables

Recall that a random variable X is discrete if it has a countable sample space
% . For such a variable one can talk of the probability of a given outcome = € €.

Definition 1.6.1. For a discrete random variable X, the probability mass func-
tion or pmf of X is the function px : R — [0, 1] defined by

px(z) = P(X = z).

Example 1.6.2. Let X be the random variable that counts the number of flips
of a fair coin you make until one coin shows up heads. The sample space € of X
is the positive integers. Then we have, for example, px (1) = 1/2, px(2) = 1/4,
px(n) =1/2", and px(1/2) = 0.

Problem 1.6.3. Show that for the pmf p of a discrete RV X, Y . p(z) = 1.

Example 1.6.4. Let X be the random variable from Problem 1.5.6 that counts
the number of heads showing up when we a p-coin 100 times. Then

px(37) = (13070>I737q63 = Fx(37) — Fx(36).

This exhibits a fundamental relationship between the cdf Fx and the pmf
px of a discrete RV:

Fx(z)= > px(i).

1€E i<z

Problem 1.6.5. Prove this. Show that it need not hold for non-discrete RVs.
(Hint: What is px when X is the RV from Example 1.5.87)

The problem above exhibits the main difference between discrete and non-
discrete random variables. The pmf may be trivial for non-discrete RVs. In the
next section we will define an analogue of the pmf for certain nice non-discrete
RVs. Before we do this though, we talk about transformations of random vari-
ables.

Problems from the Text

Section 1.5: 2,3,8,9

1.6.1 Transformations of Discrete RV

Often we will define one random variable as a function of another.

Example 1.6.6. Let X be an RV with space € = {£1,£2,...,£5}, and
px(x) =1/10 for all z € €

13



Let Y = X2 Then Y is an RV with space 2 = {1,4,9,16,25}. For each
y € 2 we have that

py(y) = P =y)
= P(X*’=y)
= P(X e{£V/y})
= px(—v¥) +px(\VY)

So py(y) =1/5 for all y € 2.

It is easy to see that in general, if Y = ¢g(X) then
py(y) = Z px(z).
z€g~1(y)
If ¢ is one-to-one, this simplifies to
py (y) = px (97 (2)).

Problem 1.6.7. Show that if Y = ¢g(X) for monotone strictly increasing g then

F,(g(z)) = Fy(x). What can we say if g is decreasing?

Problems from the Text

Section 1.6: 1,2,3,5,7,10

1.7 Continuous Random Variables

Recall that if an RV X is not discrete, its pmf px (z) = P(X = z) = lim._,o(Fx(x)—
Fx(z —€)) may be identically 0. Indeed this is the situation we want.

Definition 1.7.1. A random variable X is continuous if its cdf F'x is a contin-
uous function on R.

For such functions px is identically 0.

Definition 1.7.2. A random variable X is absolutely continuous if

x) = /; fx(t)dt

for some function fx. The function fx is called the probability density function
or pdf of X.

14



We will never consider RVs that are continuous but not absolutely continuous
(though they exist); so any time we say an RV X is continuous, we will
assume that it has a pdf fx. It then follows by the fundamental theorem of

calculus that p
fx(x) = ﬁFx((E)

Though fx (x) is not uniquely defined, it is uniquely defined except on a set
of zero measure, and so, taking the ‘most continuous’ version of it, we call it
‘the pdf’ as though it were unique.

The pdf of a continuous RV is the analogue of the pmf of a discrete RV.

Problem 1.7.3. Show that for a continuous RV X,

Pla< X <b) :/bfx(t)dt.

Example 1.7.4. Recall the RV X from Example 1.5.8 that had cdf Fix(z) =«
for all z € [0,1]. Its pdf is the derivative

d

fulw) = Fy (@) = —(2) = 1.

We say that an RV X (or its sample space ) has a uniform distribution
if the pdf ( or pmf ) is constant on its support. The RV X from the above
example is said to have the standard uniform distribution. This is denoted
X ~ Unif([0,1]). The RV X from Example 1.6.6 is a uniformly distributed
discrete random variable.

Given a sample space ¢, we sometimes say that an event is ‘chosen at random’

to mean we an event is chosen according to a uniform distribution.

Problem 1.7.5. Find the pdf of the uniformly distributed random variable
X ~ Unif([-1,1]) on the space € = [-1,1].

Problem 1.7.6. Show that for a uniformly distributed space € C R™ the
probability of an event C' is

¢h- 1dx

P(C) = =¢——.

=% T

That is, show that the probability of an event is proportional to its volume.
Example 1.7.7. Let a point (z,y) be chosen randomly from € = {(z,y) |
22 +y% < 1} and let X be its distance from (0,0). By definition % is uniformly

15



distributed, but % is not the space of X. (The space of X is [0,1].) We observe
that X is not uniformly distributed.

Indeed, its cdf is Fix(t) = P(X < t) which is the area of the event {(z,vy) |
2?2 + y? < t} over the area of ¢ (which is 7.) So

FX(:C):1/7T/ thdt:/ 2t dt = 2*
0 0

for z € [0,1]. And so fx(z) = 22 = 22, which is not constant.

1.7.1 Transformations of Continuous RVs

Now let Y = X2 be a transformation of X from the above example. So Y =
g(X) where the function g(z) = 22 is monotone strictly increasing on the space
(0,1]. Tt is tempting to follow the discrete case and say that the pdf of f is

fr() = fx(g7 () =29
But this is not true! Indeed, the cdf of Y is

Fy(y) = P(Y <y) = P(X* <y) = P(X < /§) = Fx(vy) =¥ =¥,
and so the pdf is fy (y) = di,lyy =1

Of course! A transformation is just a change of variables from calculus. In
general, differentiating the above equation Fy (y) = Fx (g~ !(y)) with respect to
y, we get, by the chain rule,

) = Pxle )

fry) = fx(g7' ) = y

Indeed, where fx(z) = 2z and y = g(z) = 2%, so ¢ = g~ '(y) = VY, we

found:

Fr) = fxlg™ @) ny —a2y5. d%ﬁ: N

We have proved the following theorem (in the case that g is monotone in-
creasing).

Theorem 1.7.8. Let X be a continuous RV with pdf fx(x) and let Y = g(X)
where g is one-to-one and differentiable on the support of X. Then the pdf of
Y is

Fr(y) = fx(g7 (y) -]
where J = d%g’l(y), fory in the support {g(z) | * € Supp X} of Y.

Problem 1.7.9. Where in the proof are we using that fact that ¢g is monontone
increasing?
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The value J = dig_l(y) is called the Jacobian of the transformation g. In
Y 1

other books it may be called the Jacobian of ¢g—-.
Example 1.7.10. Where X ~ Unif((0,1)) let Y = —2log X. So Y has support
(0,00). The transformation h : X — Y : 2 — —2log x is one-to-one with inverse
h=1(y) = e¥/2] 50 it has Jacobian

d 1
— —eY/2 = _Zoy/2
J dye 26 .

The pdf of Y is thus

e /2 — le—y/2

Fry) = fx(e¥?) - |J| = 5 5

|
—_
|

on the support of Y.

Problems from the Text

Section 1.7: 1,2,5,6,8,9,10

1.8 Expectation of a Random Variable

Definition 1.8.1. For a random variable X, the expected value or expectation
of X is

B(X) = apx(z)

z€EE

or

E(X)= /00 zfx(z)dx

— 00

depending on whether X is discrete or continuous.

D

Technically, being an integral or possibly infinite sum, the expectation need

not always exist for an RV. And indeed, we should insist that the sum/integral
is absolutely convergent so that the expectation is independent of an ordering
of the sample space. But this is not an issue for all RVs that we consider.
In theorems dealing with expectation, we will implicitly assume sufficiently

strong convergence.

Example 1.8.2. The expected value when you roll a die is (14+2+---46)/6 =
3.5.

17



Example 1.8.3. Let X be the distance from (0, 0) of a randomly chosen point
in the unit circle S = {(z,y) | 2% + y* < 1}. What is E(X)?

Using that the pdf of X is f(x) = 2z (from Example 1.7.7), we get that

[e%s) 1
/ x-2xdx:/x-2mdx
—00 0

2/0 2?de =2 (1/32°), = 2/3

E(X)

If Y = g(X) is a transformation of an X then it is very believable that

E(Y)=BE(9(X)) = _ g(@)px(2)
Cx

There are issues of convergence to deal with, of course, as the ’obvious’ proof

E(Y) = Zypy Zy > px(@

Cy  g(z)=y

=ZZypx =2 > ol

Cy g(x)= Cy g(x)=y

= 293317)(1‘
Cx

requires reordering sums. We will always assume though that > g(x)px(x)
converges absolutely, so this proof holds.

The following tool is immediate from the above using the linearity of sums
and integrals.
Theorem 1.8.4 (Linearity of Expectation). If Y = k1g1(X) + kogo(X) then
E(Y) = k1 E(g1(X)) + k2 E(g2(X)).
Problem 1.8.5. Prove Theorem 1.8.4.

Problem 1.8.6. Where Y = X2 for X from Example 1.8.3, what is E(Y)?
(Make a guess before you compute it. What should it be?)

Problem 1.8.7. Let I¢ be the indicator variable (see Problem 1.5.12) for an
event C' € ¥. Show that E(Ic) = P(A).

Problem 1.8.8. Let X count the number of heads that show up when n inde-
pendent p-coins are flipped. Find F(X).

Problem 1.8.9. Let v be a randomly chosen vertex in G, ,. What is the
expected degree E(deg(v)) of v.

Problems from the Text

Section 1.8: 3,4,6,7,8,9,11
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1.9 Mean Variance and Moments

Given a random variable X, we will be interested in the expected value of
various functions of X. Certain ones get special names and notation. The
expected value of X is also called the mean u = E(X) of X. The variance of X
is

0% =Var(X)=E ((X — p)?).

Expanding the square in the expression on the right, and using the linearity
of expectation, we get that

o = E(X?-2uX+u?)
= E(X?) —2uBE(X)+ u?
= B(X?) —p?

The positive square root o of the variance is called the standard deviation
of X.

Example 1.9.1. Let X have pdf f(z) = (2 +1) for z € [-1,1]. Find p and

a2

We get
1 1t
w=EX) = /:vf(X)d;z:_g/ 2?4+ zdx
~1 ~1
1/1 1
= —(za+1) =2
5 (30+0) =3
and
1t 1
o’ =B(X? - u? = 7/ 23 4 atde — =
1/1 1 1
= (A +D+:01+1D)]) -~
2(4(1+ )30+ )) -
= 17/36.

Problem 1.9.2. In terms of Var(X) and Var(Y'), what is Var(X —Y)?

1.9.1 The moment generating function

The mean pxy = E(X) has yet another name. It is also called the first moment
of X. And the value E(X?), used in the compuation of the variance, is called
the second moment of X. In general E(X") is the n** moment of X. The 0"
moment is F(1) = 1.
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Letting the moments be the coefficients of an exponential generating func-
tion:

Mx(t) = E(1) +tE(X) +t2E(2)'(2) + tsE(;(B)

+...,

we get by the linearity of expectation that

Mx(t) = BE(1+ (tX) + (”2(!)2 +...) = BE(e).

So we have that the n** moment F(X™) of X is also denoted M)[?’] (t).

From the cdf of an RV, one can compute the moments, and so find the
moment generating function. On the other hand, we know from an analysis
class, that the power series of a function expanded on an open interval around
a point, is unigely defined, so the moment generating function uniquely defines
the moments of a distribution. The following theorem takes this one step further
and asserts that from the moments, we can recover the cdf. The proof of this is
beyond our scope, (and beyond the scope of the text).

Theorem 1.9.3. If Mx(t) = My (t) on some open interval around t, then
Fx(z) = Fy(z) for all z.

This function Mx (t) = E(e'®) is called the moment generating function or
mgf of X. As the taylor expansion of a function about a point does not always
converge, not all RVs necessarily have mgfs, and indeed the text gives examples
of RVs for which the mgf does not exist. But the mgf does exist for many RVs
that we will consider, and it will become a useful tool.

Problems from the Text

Section 1.9: 1,2,3,5,6,18,23

1.10 Important Inequalities and Bounds

We finish the chapter with some basic inequalities.

1.10.1 Markov’s Inequality

Theorem 1.10.1 (Markov’s Inequality). For any non-negative RV X and any
constant c:
P(X >¢) < E(X)/c.

More generally, for any RV X, any non-negative function u of X, and any
constant c:
P(u(X) > ¢) < B(u(X))/e.
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Proof. The first statement is simply a special case of the second, so we prove
just the second. We prove it in the case that X is continuous. The proof in the
discrete case is essentially the same.

Let A= {z | u(z) > c}. (Recall that A° is its complement.) Then

Bux) = [ " ue) () do

— [ w@ix@dot [ ) fx()ds
A Ae
> [ u@)fx(@)da
> c/A fx(x)dx = cP(x € A) = cP(u(z) > ¢).

The inequality follows. O

Markov’s inequality is crude. Indeed if X ~ Unif([0,4]) then F(X) = 2 and
taking ¢ = 1 the inequality says P(X > 1) < 2. We could certainly give a better
bound. However, the inequality is incredibly useful due to its universality.

1.10.2 Chebyshev’s Inequality

Corollary 1.10.2 (Chebyshev’s Inequality). Let X be an RV, then for every
e,k >0, the following, clearly equivalent statements, all hold.

i) P(X — | > ko) < 1/k?
ii) P(|X — p| < ko) >1—1/k?

iii) P(|X —p| <e) >1—02/e2

Proof. Applying Markov wih u(z) = (X — p)? and ¢ = k%0? gives

E((X —p)?
P((X_N)22k202)§%:%

O

In Problem 1.9.3 of the text, you were asked to find P(u—20 < X < u+20)
for an RV X with pdf f(z) = 62(1 — z). Compare this with the quick bound
we can now get without even computing p and o:

Plp—20 <X <p+20)>1-1/4=3/4
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1.10.3 Jensen’s Inequality

You have probably seen the next inequality several times, and proved it in a
linear algebra class. It won’t hurt to see it again. We state it without proof.

Definition 1.10.3. A function f is convex on an interval I = [a,b] if for all
z,y € I and all n > 1,

n—1

Flafn+y"2) < f@)n+ fm) "

The following picture for the case n = 2 show that this definition of convexity
agrees with the definition for a continuous function that it is convex if the second
derivative is positive.

()
-(:/\

a_?(l_i;j)

. ot
1—"8/a : x

Theorem 1.10.4 (Jensen’s Inequality). If f is convez, then

n - n

f (:1:1 +I2+...xn> < flz) + flze) + -+ f(zn)

For any RV X, this means that

f(E(X)) < E(f(X)).

Example 1.10.5. The function 22 is convex so E(X)? < E(X?). Thus Var(X) =
E(X?) — E(X)? is non-negative.

Problem 1.10.6. Sometimes the mean of a set of numbers {z1,...,2,} is
called the arithmetic mean AM = %Z x;, distinguishing it from the geometric
mean GM = ([]z;)"/™ and the harmonic mean HM = (3> 1)~1.

n

Using that —logx is convex, use Jensen’s Inequality to show that for any
set {1,...,x,} of positive numbers, HM < GM < AM.

Problems from the Text

Section 1.10:

2,3,4,6
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2 Multivariate Distributions

In Example 1.5.2 we considered the experiment of tossing 100 p-coins and let
Y be the random variable counting the number of heads. The experiment can
be viewed as a set of 100 random variables X3,...,X,, each having the pmf
of a p-coin. In this context we can view Y as a function ¥ = qu X; of the

1=

multivariate distribution X = (Xi,..., X100). Let’s go into more detail.

Definition 2.0.1. A random vector X = (X1,...,X,) is a set of RVs on a
sample space 4. The space of X is

@ = [(X1(c), Xa(C), ..., X, () | c € CY.

Example 2.0.2. Where 2 are people in a sample population, X = (Height, Weight, Age)
is a random vector.

In the above example, the component RVs in our random vector are depen-
dent. Often, we define a random vector such that the component vectors are
independent.

Example 2.0.3. The random graph G, , can be viewed as a random vector
consisting of (’2’) independent RVs X, each with the distribution of a p-coin, one
for each possible edge e on the vertices [n].

2.1 Distributions of Two Random Variables

We extend many of our definitions for RVs to random vectors. For most defini-
tions the extension from two variables to arbitrarily many is trivial. For those
that it isn’t, we will revisit them later for more than two variables.

Definition 2.1.1. The (joint) cdf of X = (X1, X5) is

Fx(x) = Fx, x,(x1,22) = P ((X1 < 1) and (X3 < x2)).
The (joint) pmf for discrete X is

px(x) = px, x,(x1,22) = P (X1 = 21) and (X3 = z2)).

The (joint) pdf for continuous X is a function fx such that

FX(ﬁc) = / / fx(tl,tg) dty dts,

so almost everywhere we have

- 62Fx(l‘1, 332)
@) = g i0ms
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Example 2.1.2. Let fz(x1,72) = 623wy for x; € (0,1) be the joint pdf of
X = (X1, X3). Then P(1/4 < X1 < 3/4,0 < 25 < 2) is

4

il b 3

/1 / 63z dxydx; = /1 3t dx; = [x:{’]% =13/32
1 Jo
4

From the joint pmf of a random vector, we can isolate the (marginal) pmf
of any one component RV as follows,

px, (z1) = pr(xlv T2),
T2

where ) is over all x5 such that (v1,72) € €.

The marginal pdf of a component of a continous random vector is defined
analogously.

Problem 2.1.3. Find the marginal pdf fx, (x1) of X; for the joint distribution
fx(x1,79) = 62325 from the above example.

We can talk of the expected value of a random vector. It is simply the vector
E(X) = (E(X1),...,E(Xy))

of expected values of its components. To find the expected value of a random
vector one must find the expected value of the components. To find F(X;), or
more generally E(g(X7)), we can get the marginal distribution of X7, and then
find the expected value as in the previous chapter. Or we can find it directly:

Example 2.1.4. Where fx(z1,72) = 62329, the expected value of X7 is

1 1
/ / x% - 637%332 drs dxy
0 0
1t 6
= -~ [ 6aide = —
2/0 R

Problem 2.1.5. Find E(X?) in the above example by using the marginal dis-
tribution of X3 which you found in Problem 2.1.3.

E(XY)

The following generalisation of Theorem 1.8.4 to random vectors is a key tool
in saying anything of substance in statistical inference or with the probabilistic
method.

Theorem 2.1.6 (Additivity of Expectation). Let X = (X1,...,X,,) be a ran-
dom vector and ki, ..., k, be real numbers. Then

EQ) kiXi) =) kE(X;).
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Proof. We do the continuous case for a vector of two RVs:
E(lel + kQXQ) = / /(klxl + kzl’g)fx(xl, .7;2> dxs dx;
R JR

kl//xlfx(xhxz)d&d)ﬁ +k2//x2fx(x1,x2)d>(2dx1
— ME(X)) + ke E(X,)

Definition 2.1.7. The mgf of X = (X1, X5) is
Mx(t) = E(et®) = B(elrr11202)

Observe that Mx, (t) is recovered as Mx(t,0).

Problems from the Text

Section 2.1:

1,2,3,6,7,9,12

2.2 Transformations of Bivariate RV

Assume that X is a random vector and Y is some function ¥ = ¢(X) of X.
Given the joint distribution of a the RV X will want to find the distribution of
Y. As in the univariate case, we can go through the cdf, or go directly, using,
in the continuous case, a transformation multiplier.

As before, the discrete case is more straight-forward.

2.2.1 Discrete Case

In the one variable case when we had Y = g(X) for one-to-one ( and increasing)
g we observed that py(y) = px(9~'(y)). Now, when Y = g(Xi,Xs), g is
very rarely one-to-one This causes little problem in the discrete case, the main
difficulty is finding the set g=1(y).

Example 2.2.1. Let X = (X7, X5) have pmf

Ty T2~y o~ i
pitpste Me
px(z1,22) = S S E— z; €N,
Tr1:T2:

and Y = X; + Xo.

Now py (y) = > g px (1, 22) where the sum is over

S={(z1,22) eEN? |21 + 22 =y} = {(z1,y —21) e N*| 0 < 27 < y}.
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Computing, we get

pitps "
vy = ), 1;

2120 1y — a1)!

- 67(H1+ﬂ2) Y y' y—z1
= | le( g tf 2
y: a0 L1°\Y 1):

—(u1tp2) Y
€ Yy y—x1 Ty
= Y (s
921=0

(1 + i)
y!

where the last line uses the recognition of the expansion of the binomial (uq +
p12).

2.2.2 Continuous Case

Assume now that X = (X, Xs) is a random vector of continuous variables, and
Y = g(X1,X3).To get the pdf of Y from the joint pdf of X we can go through
the cdf.

Example 2.2.2. Let X = (X1, X5) have the uniform distribution on the unit
square D = {(z1,22) | 0 < z; < 1}; so the pdf fx is 1 on D and 0 elsewhere.
Let Y = X1 + XQ.

The cdf of Y is Fy(y) = 9955 dx; dxo where S consists of the set of pairs
(1, x2) such that z; + o <y. This breaks into the cases

VYT aydxy = £ 0<y<l1
Fy(y)_{ Jo f01 L dl d2 _ (2—y)? ;y;
lifyflfyfa:l xodxy =1—5% 1<y<2
Differentiating, we thus get that fy (y) =y when 0 <y < 1l and fy(y) = 2—y
when 1 <y < 2.

This is fine, but for more complicated transformations the regions S can
become quite complicated.

The method of transformations can remove some of this complication. Re-
placing the transformation ¥ = ¢(X;,X2) with a one-to-one transformation
(Y1,Ys) = u(X1, X5), usually by replacing Y with Y; and choosing Y5 strate-
gically, we get a reverse transformation (X7, X>2) = w(Y7,Y2), and get that
fy(y) = fx(x)|J| for the Jacobian

_ Or1 0z, 0w 0mp
Oy Oy2  Oy2 Oyr
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Let’s repeat the above example using this method, and then recall the proof
of this result from calculus.

Example 2.2.3. Where X = (X7, X2) has the uniform distribution on the unit

square cube D let
Y —u X | Xi+Xo
Yo | Xo | | Xi—Xp |°
This has inverse transformation
X, Y; Yi+Yo
F

The transformation u takes the sample space D of X to the sample space
u(D) shown below.

Computing

we get that

(1 1 111
T2 2 29 2
1

r(y) = fx(w(y)-|J]=1- ‘_;’ =3

on u(D) and 0 elsewhere.

To get the marginal pdf fy, we then integrate with respect to Y5. When
y1 €[0,1], fy(y1,92) is 1 for ya € [=y1,31], so

Y1 1
fvi(y1) :/ idyz =N

—Y1

and (as w(D) is symmetric about y; = 1,) when y1 € [1,2], fy(y1,92) = fy(2—
y1,92) s0 fyi(y1) =2 — 1.

Problem 2.2.4. We might write the transformation u in the above example as

-]
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calling the square matrix in the middle U. Write the inverse transformation w

) % ]-w[]

for some square matrix W. What do you notice about U and W?

2.2.3 Recalling Jacobian from Calculus

To see that fy(y) = fx(x)|J| we should see that verify that this gives us

# Ty (y1,y2) dyr dyz = # fx (21, z2) dxi dxa,
u(R) R

for every region R.

Recall that by definition, ﬁu(R) fy (y1,y2) dy1 dyo is the limit, as A gets

small, of the sum Y, fy(¢)A? where L consists of all points ¢ of a A-lattice

on u(R). To get the value fy(¢)A? in terms of fx we must consider what the
transformation w does to the A-lattice.

(o)

wuu,;(é_u_')u:

ot 3y oge

(Note, the w; in the picture should be z;. )

It maps a A-square D, with corner ¢ to the (approximate) parallelogram

6901 6212 69:1 61172 :
between the vectors A(Fh, 522) and A(5:L, 572), so has area approximately
Ozy  Ozy
— A2|9u1 On
A=A Oz Bza |’
0y2  Oy2

Taking limits in this argument gives the Jacobian formula.

Problems from the Text

Section 2.2: 1,3,5,6
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2.3 Conditional Distributions

We have talked about the conditional probability P(X € A | X € B) of an event
A given an event B. When we have two RVs on a space, it is natural to consider
the conditional probability for elementary events such as P(X =z | Y =y).

Definition 2.3.1. Let (X,Y") be a random vector. The conditional pmf or pdf
of X, conditioned on Y, is

Px,y (Z‘, y) fX,Y (1‘7 y) We may use shortcut no-
leY(m|y) = or fX\Y('TLy) = . tation such as pyp for
py(y) fr(y) P, 1%y -

More generally, we might ask about the distribution of X when we fix Y = y.
Definition 2.3.2. For fixed y the function
Pxly 7T = pxy (z]y)

is itself the pmf of a random variable, the conditional random variable (or con-
ditional distribution) which we denote X|y.

Being an RV, we can compute its mean and variance.

Example 2.3.3. Let (X,Y") have the joint distribution px y shown.

Pry (2:4) Pyty)
X
NIEE
a3 .08 — |4s
b ,OSP:! .t IR S
Al AT e PR
Ll

Pay (x1€) "l-; (o rs—l_s—a—]

The conditional pmf px |y (x]y) restricts to the yt" row, scales it by 1/py (y)
(so that it sums to 1) and then returns the x value.

Compare this to the marginal pmf px which z to the sum of the " column,
and the marginal pmf py which takes y to the sum of the y" row. So p,(3) = .15
and py (b) = .35.
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D

The notation px|y vs px|, can get confusing. The conditional pmf py |y is a
function of two variables,  and y, which we usually write as z|y, to parallel
the indexing. The function px|, is the pmf of the distribution X|y. We think
of y as being fixed, so the argument of the function is usually written as x.
Use this heuristic aid: if the letter in the index is uppercase, the argument

has a corresponding lower case value.

y Example 2.3.4. Let (X,Y) have the pdf fx y(z,y) = 6y on its support 0 <
T/ y <z < 1. We find the mean p of X|y.

FE First, by definition p = E(X|y) = fulac - fx|y(z)dx, so we need to find

Supp (x%v)

Ixy(®) = fx)y(zly) = fxfji((;r)y) Now the marginal pdf of y is

1 1
fY(y):/ fX,Y(%y)dX:/ 6y dx = 6y(1 —y),
Yy Yy

SO
 fxy@y) 6y 1
Fxwle) = frly)  6y(l—y) 1-y

and so )

1 1 1
E(X|ly) = —— dx= —=(1—¢y?) = —=.
(X1y) 1yL:EX 17y2( y°) 5

2 _ Yy —2y+1

Problem 2.3.5. Show that the variance of X|y above is ¢ 5

Problems from the Text

Section 2.3: 1,2,3,5,7

2.5 Independent Random Variables

Definition 2.5.1. Random variables X and Y, with joint pdf fxy and marginal
pdfs fx and fy, are independent if

Ixy(z,y) = fx(x) - fy(y)
(holds with probability 1). They are dependent otherwise.

Problem 2.5.2. Show that if X and Y are independent, then E(X|y) = E(X).

There are several equivalent definitions of independence.
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Theorem 2.5.3. The following are equivalent for RVs X and Y .

i) X andY are independent

it) fxv(z,y) = g(x)h(y) (almost everywhere) for some non-negative func-
tions g and h

iii) The cdfs satisty Fxy (z,y) = Fx(z)Fy(y) for all z and y.
iv) For all intervals Sx and Sy C R,

P(X eSx,YeSy)=P(X e Sx)P(Y € Sy).

Proof. That i) impies ii) is immediate from the definition. We first show ii)
implies i). Assuming ii), the marginal pdfs are

fx(@) = / 9(2)h(y) dy = g(z) / h(y)dy = erg(a)

for some constant ¢; and fy (y) = coh(y) for some constant co. As

/R/foy(x,y)dydx:/R/Rg(m)h(y) dy de

/Rg(fv) dfv/Rh(y) dy = cicz

we get that cico = 1. So

1

Ix(x) fy (v)

C1C2

fxy(z,y) = g(x)h(y) = = fx (@) fy (v)-

For i) implies iii):

Fxy(z,y) = /;/:ny(s,t)dtds—//fx(s)fy(t)dtds
[ #xts)as [ vt = P Fy )

For iii) implies i):

62ny(x,y) 82

Ixy(z,y) = Dyor :ayamFX(x)FY(y)
- fx(w)a%Fy(y) — Fx(@)fy (v)

The proof of the equivalence of iii) and iv) is just as straight forward, so we
skip it. [

31



Theorem 2.5.4. If X and Y are independent, then E(XY) = E(X)E(Y).
Proof.

B(XY) = / / ryfxy(z,y)dyde = / zyfx (z)fy (y) dy do
[ats@ads [yt ay= ECOEY)

O

All the proofs are basically the same: if X and Y are indepentent, then we
can seperate our double sums or integrals. With essentially the same proof as
we used above one can do the following problems.

Problem 2.5.5. Show that if X and Y are independent and u(X) and w(Y") are
transformations of X and Y respectively, then E(u(X)w(Y)) = E(u(X))E(w(Y)).

The joint mgf of (X,Y) is M(x,y)(tx,ty) = E(e*XTY) It is a function
of two variables; observe that Mx y)(t,0) = Mx (t).

Problem 2.5.6. Show that X and Y are independent if and only if

Mxyy(tx,ty) = Mx(tx)My(ty).

Problems from the Text

Section 2.5: 1,3,4,5,8,9,12

2.4 The Correlation Coefficients

The following is done for continuous variables, which are assumed to be nice,
(ie., all necessary expectations are assumed to exist). It holds though for discrete
variables as well.

For random variables X and Y with means pux and py respectively, the
covariance is Cov(X,Y) = E((X — ux)(Y — py)).

Problem 2.4.1. Show that Cov(X,Y) = E(XY) — puxpy.
Observe that if X =Y then Cov(X,Y) = E(X?) — E(X)? = Var(X); so the
covariance can be seen as a generalisation of the variance.

Problem 2.4.2. Show that if X and Y are independent, then Cov(X,Y") = 0.
Show if E(X|y) is an increasing (decreasing) function of y then Cov(X,Y) > 0
(Cov(X,Y) < 0).
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The magnitude of Cov(X,Y) is hard to interpret, but the normalised version,
the correlation coefficient

_ Cov(X,Y)

- oxoy
has the property that —1 < p < 1. If X =Y then p =1 and if X = —Y then
p = —1. So |p| is a measure of how closely X and Y are related.

Problems from the Text

Section 2.4: 1,3,4,10

2.6 Extension to more Random Variables

Let X = (X3,...X,) be an n dimensional random vector. Its joint cdf is
Fx(x) = P(X1 <21,X3 <w2,... X, < zp)

and its joint pdf is a function fx such that

FX(y)/;/UOO fx(@) dan . .. dzy.

The conditional pdfs are

fx(z)
fx. ()
The variables X1, ... X,, are mutully independent if

fx|x, (®lz;) =

fx(x) = foi(l’z')

(with probability 1.)
In this case
E(H ui(Xi)) = H E(ui (X))
for any transformations u; of X;. In particular:

Theorem 2.6.1. Let T = Z?Zl k; X; where Xq,..., X, are mutually indepen-
dent RVs having respective mgfs Mq(t), ..., M,(t). The RV T has mgf

MT(t> - H Ml(klt)
Proof.
Mrp(t) = E(7) = E(etzmxi) - E(H ethiXe)
[T E™*) =[] Mi(kit)
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A vector of RVs is independent identically distributed or iid if the components
are mutually independent and all have the same pdfs. An m-dimensional iid
random vector of variables all having the same pdf as a RV X is an random
sample of distribution X ; it has n tests, or n samples, or simply has size n.
Often we implicitly assume n is the size of the sample.

Corollary 2.6.2. If X is a random sample of distribution X then Ms~ x, (t) =
(M, (£))".

Problems from the Text

Section 2.6: 1,2(a),3

2.7 Transformations for more Variables
This is mostly the same as Section 2.2 so we skip it, except for noting what the
jacobian looks like for more variables.

For n-dimensional random vectors X and Y a transformation u : X — Y is
described by Y; = u;(X1,...X,) for i = 1,...,n and its inverse is described by
Xi = wi(Yh N ,Yn)

The jacobian is the determinant

Ow, dwy
dyr "7 Oyn
Owy, Ow,
9yr T Oyn

2.8 Linear Combinations of Random Variables

Let X and Y be random vectors. By the linearity of expectation

Further
Cov(> a;Xi,Y bY;) = E ((Z aXi =S a B 0¥ -y biE(Yi))>

= > abE[XY; - XiE(Y;) — E(X,)Y; + E(X:)E(Y;)]
= 3N abEl(Xi - E(X:)(Y; - E(Y;)]
Z Z aibj COV(XZ', }/j)
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In the case that X =Y this gives that

Var(z a; X;) ZZW% Cov(X;, X;) Za Var(X

where the last inequality uses that the non-diagonal terms are 0 by the inde-
pendence of the variables.
If X is a random sample of a distribution X having mean p and variance
o2, then the sample mean is
x =2

n

It has expected value

X _E(;ZX,) - ”Eéx) — B(X)

and variance

Var Y 3 Z Var(X

The sample variance is

— —2
o DX -XP _ Y X2-aX
n—1 n—1

We get the second equality above as follows.

Y2 2X, X+ X))

YoX22X Y X+ X

ZXE—2nY2+nY2 :ZXZ-Q—nY2

D (X - X)?

The sample variance is a random variable. It has expected value

B(S?) = (ZE (X2) - nBE(X ))

n—1

- L (vt -+ 5)) = o

n—1

Problems from the Text

Section 2.8: 2,3,10
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3 Some Special Distributions

3.1 Binomial and Related Distributions

We have given a name to only one distribution so far: the uniform distribution
whose pdf or pmf is constant on its support. There are several other distri-
butions that occur repeatedly in mathematics and statistics. One of the most
basic is the Binomial Distribution, which we build from the following distribu-
tion, which we will recognise as the distribution of outcomes when tossing a
p-coin.

Bernoulli X ~ b(1,p)

3.1.1 The Bernoulli Distribution

Definition 3.1.1. An RV X has a Bernoulli distribution, or is a Bernoulli RV,
if its support is {0,1}. Its pmf is

f(x):{p ifr=1

1—p otherwise,

for some probability p € [0,1].

If X is a Bernoulli distribution with probability p, then its mean is u = p
and its variance is 02 = p(1 — p) = pq.

Indeed, pu=p-1+(p—1)-0=p, and E(X?)=p- 12+ (p—1)-0% = p, so
0? = B(X?) — p* =p—p* =p(l - p).

The Bernoulli distribution of probabilitly p is thus more often called the
Bernoulli distribution of mean p.

3.1.2 The Binomial Distribution

Binomial X ~ b(n,p)
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Often a probabilitly space consists of n independent Bernoulli spaces. When
tossing 100 p-coins, the only random variable of any interest is that which counts
the number of times the outcome is ’heads’ This is the Binomial distribution.

Definition 3.1.2. A random variable Y has the Binomial distribution b(n,p)

if .
Y =) X,
i=1
for a family {X;};c[n) of iid Bernoulli RVs with mean p.

Clearly the pmf of Y ~ b(n,p) is

n e
s = (")ra -
Y
on its support y = 0,1,...,n. By the linearity of expectation, its mean is
p=EY)=> E(X;)=) p=np.
i=1
Problem 3.1.3. Show that the variance of Y ~ b(n,p) is 0% = np(1 — p).
The following is a special case of the 'Law of Large Numbers’ which is covered

in Chapter 5 of the text.

Example 3.1.4. If Y ~ b(n,p), then Y/n can be viewed as the 'rate of success’
of the trials X1,..., X, making up Y. Clearly E(Y/n) = E(Y)/n =np/n = p,
and one can show that Var(Y/n) = £(1 —p). So by Chebyshev,

o Yar(Y/n) _ p(1—p)

= — 0.
g2 ne?

P(lY/n—p|l = ¢)

This means that the rate of success of the trials X; is more and more concen-
trated around p as n gets bigger. The take away is that to get a good estimate
of p, one can take the average of several samples of the distribution. The more
samples we take, the more likely the estimate is close to the actual value.

The mgf of X ~ b(n,p) is

Mx(t) = Zn) e (Z)pxq””” = i:o <Z> (pe')q" ™"

=0
= (pe' +q)"
Problem 3.1.5. Use the mgf to find g and 02 of X ~ b(n, p).
Problem 3.1.6. Show that if X; ~ b(n;,p) fori=1,...,d, and X1, Xo,..., Xy
are pairwise independent, then YV = Z?Zl X, has distribution b(Z?:l ni, p).

We do not do much with the rest of the distributions in this section. We
simply define them so that we have seen them.
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3.1.3 The geometric and negative binomial distributions

For the binomial distribution b(n,p) we conducted n independent Bernoulli
trials with mean p and counted the number of successes. For the Geometic
distribution Y, we conduct Bernoulli trials with mean p until there is a success.
We let Y count the number of failures.

Formally, the geometric RV with parameter p is the RV with pmf
py) =1 —-p)"-p.

More generally the negative binomial RV with parameters p and r is the RV
that counts the number of failures that occur, when conducting Bernoulli trials
b(1,p), until the r** success. It has pmf

ply) = (y ji; 1>pr(1 —p)¥.

3.1.4 The Hypergeometric Distribution
Hypergeometric

In a lot of N items, D are defective. We choose n items. The RV X
that counts the number of chosen items that are defective is a hypergeometric
distribution. Its pmf is

(-0)(2)
)

p(z) =
The expected value of X is
- N —D\ /D) (N\ '
EX = = .
@ =m0 -3 (570) ()0 -
Using that b(¢) = a(§~]) and so
ay _a a—1
b) b\b-1
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this becomes
s = S0 T)CT00) 7

S5 L [ TGN
- g%? P (x)

where p’(2) is the pmf of a hypergeometric distribution with parameters N —

1,D—1andn—1. So E(X) = &2,

Problem 3.1.7. Show that Var(X) = n® ¥=2 =1 (Hint: Compute E(X (X—

1)) using the trick in the above calculation; use this to compute E(X?). )

Problems from the Text

Section 3.1: 3,4,5,6,11,14,15,18,23

3.2 The Poisson Distribution Poisson X ~ 1’)()ig(//)

A Poisson process is a random process with a recurring event such that

i) The probability of an occurence of the event in an interval of time is
proportianal to the length of the interval.

ii) The probability of more than one occurence in a small interval is negligible.

iii) The probability of occurences in disjoint intervals is independent.

The random variable X that counts the number of occurences in an interval
of length one has a Poisson distribution. The pmf of a poisson distribution is

pwre

p(x)

x!

for x =0,1,2,..., and for some p > 0. We write X ~ pois(pu).
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First, let’s verify that this is indeed a pmf. Putting y = p in the taylor

x
expansion e¥ = Y /L of e¥ about 0, we get

T z!

> T, T
dopla) =Y ey — e =1,
=0 :

as needed.

Now let’s verify that p(x) arises from the given properties of a Poisson pro-
cess.

Given a Poisson process, let g,(t) be the probabililty that there are x oc-
curences in an interval of length ¢. So p(z) = g»(1). We find an expression for
gz (t) using the above three properties, and then see that taking ¢ = 1 we get

#7e” thus deriving p(x).

x!

The above three properties yield the following properties of g, (t).

i) g1(t) = pt for some p > 0.
ii) go(h) +g1(h) — 1 as h — 0, and for i > 2, g;(h) — 0.

i) go(t+ 1) = S0, 9i(t) - goma() = gor (Opeh + gu(£)(1 — uh) as b — 0.

For iii) we use i) and ii) along with the third property of a poisson process.

From this we get

gx(t + h) - gm(t)

, )
9=t = Jim h
_ iy Jemt (s 4 g () (A — ph) — g0 (2)
h—0 h
— lim Gu—1(t)pth — g (t)uh
h—0 h

= o-1(t) — pge(t)
When z = 0 this becomes the differential equation g{(t) = —pugo(t). As
(7MY = —pe ", go(t) = e " is the solution with go(0) = 1.

Inductively, we can solve

9o (t) = pga—1(t) — pga(t) = W 0]

to get g, (t) = (”t);i,ewt Thus p(x) = g,(1), as required.
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Now, the mgf of X ~ pois(u) is

M) = i o e.u

=0

t)a:
— M E ’ — e hehe’ — pule’=1)

Problem 3.2.1. Show that E(X) = M’(0) = u, and that 02 = M"(0)—pu? = p.

There is no nice closed form for the cdf X, but we can compute it easily
enough for small values.

Example 3.2.2. Let X ~ pois(2). Then
P1l1<X) = 1-PX=0)=1-px(0)
= 1-2%2%/1=1-¢"?~.865

For common values of p and small values of x, values of the cdf Fx(z) of
X ~ pois(p) are listed in a table in the back of the text.

The time interval for a Poisson process is easily scaled: if one expects pu
occurences in an hour, then one expects 24u occurences in a day. The same
process can be described by the RV H ~ pois(u) counting occurences per hour,
or by the RV D ~ pois(24) counting occurences per day.

Example 3.2.3. Let X, counting the number of fish bites in a 1 minute interval,
be a Poisson process with mean .2 bites per minute. We want to calculate the
probability that we get at least 1 bite in a 10 minute interval. The RV Y
counting the number of bites in a 10 minute inverval is Poisson with mean
w=.2%10 = 2. So by Example 3.2.2, the probability is P(Y > 1) ~ .865.

The following will also be useful.
Theorem 3.2.4. If Xy,..., X, are independent RVs with X; ~ pois(u;), then

Y = ZXi ~ pois(z i)-

Proof.

) = T M () = T[ e~ = el e,

O

Problem 3.2.5. Find the probability P, that a vertex v in G, , has degree d.
Show that (for fixed d) P, — px(d) as n — oo where X ~ pois(np).

Problems from the Text

Section 3.2: 1,3,5,8,10,12
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3.3 The exponential and related distributions

We define the exponential distribution in detail, and the more general I" distri-
bution in less detail. We then use the I" distribution to define the x? distribution,

Exponential X ~ I'(1, )

3.3.1 The exponential distribution and waiting time

Given a poisson process, the time one waits until the first occurence of the
process is the waiting time. What is the waiting time of a poisson process with
mean 77

Let X be the RV X ~ pois(7) that count the occurences of the process in
unit time. The exponential distribution ¥ = I'(1, 2) measures the waiting time
of the process. This Y is continuous RV with support (0,00). (The choice of
notation for the distribution will make sense after a couple of calculations.)

To calculate its distribution functions, it is useful to consider a scaled poisson
RV X1 ~ pois(7I) which counts the number of occurences of the above poisson
process in a time interval of length I. This has pmf

_ (TI)zeiTI
pr@) ==
Now, we have
Fy(y) = PY <y)
= Prob( At least one occurence of the poisson process by time y).
P(X,>1)

(ry)’e ™ -

= 1-p(0)=1-F—=1-cT"

Differentiating the cdf, we get fy (y) = 7e~ Y.

Now to find the mean p of Y we compute

p=EY)= / yre "V dy
0

Using the method of integration by parts with u = y and v/ = Te™"Y we get
that the antiderivative is

—ryq
/yTe_Ty dy = —ye 7Y — /—e_"y dy = _¢ ——e 7Y,
y T
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When y = 0 this is —%, and as y — oo it goes to 0, so we get that u = % Thus

Y =T(1,u), and in terms of u the pdf is fy (y) = #

We now compute the moment generating function of ¥ ~ T'(1, u) .

oo o0 1 y

My (t) = E(ety) =/ etyefy/u/u dy :/ ;e—ﬁ(l—ut) dy
0 0

Now letting x = y(1— ut) we differentiate with respect to y to get the differential

dz = (1 — ut)dy. When y = 0 we have x = 0 and when y — oo, taking ¢ small

enough that 0 < (1 — ut) < 1 we have that £ — oo, and so substitiuting in
the above integral is

1 e 1 1
/ _e—z/# dr = [_e—m/u]oo _
0

1—pt i 1—pt 1—pt
Recognising this as the geometric series
My (t) = _lﬂt =1+ pt+ (ut)? + (ut)® + ... ...
you should easily be able to do the following.
Problem 3.3.1. Show that the varience o2 of Y ~ I'(1 i 2

Gamma X ~ I'(«a, B)

3.3.2 The Gamma distribution

It is non-trivial, but true, that the I' function

o0
Ma)= [y e vay
0
exists for all o > 0.

One can show that for integers o > 1 that I'(a) = (e —1)!. SoI'(2) = 1 and
r3)=2-1.

Using the change of variables y = /8 we get that dy = %dm, and so

00 a=1__(z/B) oo a—1,—(z/B)

X e X e
I'(a :/ (—) —dx:/ r °
() o \B B 0 B

mtx—le—(w/ﬁ)

Dividing through by I'(a)) we get that f(z) = Fyge— on (0,00) is the
pdf of a random variable X which we call the gamma distribution I'(«, ).
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Note that by taking @ = 1 we get the pdf of the exponential distribution
T'(1,8). This explains this notation for the exponential distribution.

Problem 3.3.2. Show that the mgf of X ~ I'(o,8) is Mx(t) = (1 — 8t)~~.

2(1-t8)
B

Hint: use the change of variable y = in the integral you get.

From this we get that X ~ I'(«, §) has mean

aff
n= M0 = g g — o8
and variance
0% = My (0) — p* = --- = aff®.

The following additivity of Gamma distributions will be useful.

Problem 3.3.3. Let X; ~ I'(a;, 8) and Y = > X;. Using the mgf, show that
Y ~T(3 a, B).

3.3.3 The x? distribution

The chi-squared distribution with r degrees of freedom is x2(r) = I'(r/2, 2).

The following is immediate from Problem 3.3.3, and will be used in analysing
ANOVA.

Problem 3.3.4. Show that if X; ~ x%(r;) for each i, and Y = Y X;, then
Vo~ (0.

Section 3.3: 1,2, 6,9,15

Normal X ~ N(u,0?)

3.4 The Normal distribution
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The normal distribution will be our most important distribution for statis-
tical inference: not all populations are normally distributed, but the means of
large samples from any population are approximately normal. This is a very
useful tool.

A continuous RV Z has the standard normal distribution N (0, 1) if its pdf is

o) = e

To see that this is a pdf observe that

(ow) = dhfrrerrant [
= 27T/ rdrdé)/%ldf)

-2
In the second last line, use the substitutition v = r2 to get that fooo e~ (&) dr =
1. Since fz(z) is positve, this give that [ fz =1, as needed.

Problem 3.4.1. Show that My (t) = et’/2. The integral is easy once you notice
that you can seperate the ¢t from the z using the simple identity

1 1 1 1 1
tz — §z2 = 5(2zt — 2% = 5(252 — 22422t —t?) = §t2 — i(z—t)Q.

It follows that Z has mean p = 0 and E(Z?) = 1 so it has variance o2 = 1.
Where Z ~ N(0,1), the RV X = p + 0Z has normal distribution N(u,c?).
Clearly F(X) = pu and

Var(X) = E((X — p)?) = E(6%Z?) = 0.

The pdf of X is

B z—p\|dz| 1 ~1(zzw)?
fX(x)_fZ<a)dx_\/%e ( )»

and the mgf is

Mx(t) _ E(eXt) _ E(e(quaz)t) _ eutE(etaz) _ eMt+%(gt)2.

There is no good closed form for the cdf of N(u,0?). Again, if you find
yourself without a good calculator, you can refer to the tables at the back of
the book where the cdf of Z ~ N(0,1) is computed. As the distribution is
symmetric, it is only computed for z > 0. For the cdf of N(u,0?), one can
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simply transform to X. Where X ~ N(u,0?), we have that X = p+ o Z, (and
so Z = %), S0)

Fx(z) = P(X <2) = P(Z < 21,

We can look this up as ®(££), in the back of the book.

o

Example 3.4.2. Where X ~ N(2,16), we find P(1 < z < 3) by

1-2 4—2 -1 1
Pl<X<4) = Pl—<Z<—)=P(—<7Z<—
(1< X <4 (4 <Z< 4) (4< <2)

O(1/2) — ®(—1/4) = ©(1/2) — (1 — (1/4))
= B(1/2)+ ®(1/4) — 1 ~ 6915 + 5987 — 1 = .2902

Problem 3.4.3. The class grades on the next test will have distribution X ~
N(73,10). What is the probability that you will get an A (over %85)7 What
is the probabilitiy that you will fail (under %50)? Does it matter how many
students are in the class? Does it matter if you do the homework?

@D

A nice quick description of the normal distribution is the rule of 68 —95—99.7
which says that 68% of the distribution is within o (a standard deviation) of
the mean, 95% is within 20 and 99.7% of the distribution is within 3o of the
mean.

99.7%

Theorem 3.4.4. If X; = N(u;,0?) are mutually independent then Y =" a; X;
is N(X_ a;ug, Y. a2o?).
Proof. Indeed, for each i we have that

a; X; = a;(u; + 0:72) = azp; + a;o0;Z

is N(a;pi,a?0?), so as mgfs are multiplicative for independent distributions, we
have

My (t) = [ Ma,x, (t) = [ etontteint/2 = gt Dot t?/ 200 olu,
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Corollary 3.4.5. If X1,..., X, is a random sample of X ~ N(u,0?) then
X ~ N(p,0%/n).

Problems from the Text

Section 3.4: 1,2,4,5,6,10,13,16,19,28

48



4 Statistical Inference

4.1 Sampling and statistics

The game in statistical inference is that we have some distribution X and by
taking a sample from the distribution, we want to determine what X is.

For example, the height of people in a population has some distribution
X. We measure 100 random people from the population, and from this decide
whether X is N(150,10) or I'(160, 2) or something else.

At the end of this subsection, we outline how a histogram can be used to help
us determine if X normal or gamma or from some other family, but usually, we
will assume that we know what family of distributions X is from, and so only
try to determine its parameters: p and o, or o and [, etc. A typical problem is
as follows.

Example 4.1.1. The X-gene, (which, according to Wikipedia, allows that per-
son to naturally develop superhuman powers and abilities), is known (suspected)
to occur in any given person with probability p.

Our task is to find p.
To do this, we take a sample of n people, and test them for the X-gene.
Say we got the following 5 sample points:

r1=1, andzo =23=24 =25 =0

Here 1 denotes the presence of the gene, and 0 its absence. How should we
interpret this data?

The sample yields us an estimate of the parameter p. Indeed, from the above
data, most of us would estimate that p = 1/5 = .2. This is the sample mean.
Usually when estimating the mean p of a distribution, it is pretty clear that the
sample mean is the best estimate. But for other parameters, the variance of a
normal distribution, for example, it is not alway clear what the best estimate
is. In later chapters, we will spend a lot of time trying to find ‘best estimates’
of parameters. In this chapter, we will just except the estimators we are given,
and use them in two ways.

1) Although most of us would estimate that p = .2, we do not really believe
this. It is unlikely. But perhaps we believe that p is p is in the interval (.15, .25).
This is more likely. How likely? This interval is a confidence interval for our pa-
rameter. We will calculate the probability that p is in this interval, conditioned
on the fact that our sample yielded a mean of .2. This will be our confidence
that p is in this interval.

2) In hypothesis testing, we make a hypothesis such as ‘p < .18” and then based
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on our sample data, decide if the hypothesis is reasonable, or unreasonable. In
the above test, the 5 data points don’t give very strong evidence to dismiss the
hypothesis p < .18. However, they would have given strong evidence to dismiss
a hypothesis such as p > .8.

Our setup for most of the rest of the course is that X has a distribution
fx (x;0) which depends on some unknown parameter, or vector of parameters,
0. We will use a random sample X = (X1, ..., X,) to make inferences about 6.

For example, we might say that X ~ b(1,p) for some unknown p. It has
distribution fx(z;p) = p, (1 — p) depending on whether z is 1 or 0. We might
say that X ~ N(u,0?) where 0 = (u1,0%). What is fx (z;(u,02))?

Definition 4.1.2. A function T = T(Xy,...,X,,) is called a statistic of the
sample. If T is used to estimate 0, then T is a point estimator for 6. It is
unbiased if

0=E(T(Xy,...,X)).

Based on a sample X, there can be many estimators for a given parameter.
Generally we want an unbiased one, but there can be many of these too.

Example 4.1.3. All of X, X; and % can be estimators of the mean p of
X. Both X and X; are unbiased, but

X1 +2X, 3

9 )Ziua

E( 5

so this has bias.

n X2
Problem 4.1.4. Show that the sample variance S? = w is an unbi-

ased estimator of the variance o2.

Both X and X, are unbiased, but X seems better as its variance is smaller.
Is it the best estimator? This is a complicated question that we consider more
closely in Chapters 6,7 and 8.

To finish off this section we offer a first practical solution to a practical
problem of statistics that we mostly ignore for the rest of the course. (We will
address it again in Section 4.5, about order statistics, but only there.) For most
of our testing, we will assume that the population X fits in a parametrised
family of distributions. However sometimes, we have no reason to assume that
the distribution is normal, or exponential, or what have you. In this case, we
can use a histogram as an unbiased estimator of the pdf fx.

Example 4.1.5. Let « be a realisation of a random sample of X. For a parti-
tion of the sample space into (equal) parts Si,...Sgq. Let y; count the number of
sample points in « that lie in the part S;. A histogram, as below, is an approxi-
mation of f,. It is an unbiased estimator of the corresponding discretisation of
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Here are pdf/pmfs of our common distributions. Which does the above most
closely resemble? (All these pictures are from wikipedia.)
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Problems from the Text

Section 4.1: 1 (a,c), 5
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4.2 Confidence Intervals

(This is the material from Sections 4.2 and 4.3, mixed up a bit.)

For Example 4.1.1, instead of asserting that p = .2, which is almost surely
wrong we want to say that we are %90 sure that p € [.1,.3].

Definition 4.2.1. Let X be a random sample of X and let 67 = 6, (X) and
Or = 0r(X) be statistics. The interval (61,0r) is a (1 — «) confidence interval
for a parameter 6 if

P(9L<9<9R):1704.

As innocent as this definition looks, it is not so straightforward. The pa-
rameter 6 is fixed, but we do not know it. It is not immediatly clear how to
compute

P(0,(X) < 0 < 0r(X)),

let alone to find 0., (X) and 05(X)?

But 0,(X) and 0z (X) will, of course, depend on an estimator T' = T'(X) of
6. It makes sense that 01, (X) < T'(X) < 0r(X). Now, let 01 (X) be the smallest
value of 6 for which

Fp(T(X);0) <1—a/2.
So 6 < 0, implies Fp(T(X);6) > 1 —«/2. Moreover, we have by definition that
P(Fr(T(X);0) > 1—a/2) =a/2;

" P(0 < 0,(X)) = a/2.

Similarily, taking 0r as the greatest value for which Fr(T(X);6) > a/2, we
get
P(Or(X) < 0) =a/2

and so these values of 81, and 8 will do to defined a (1 — a)-confidence interval
for 6.

This is not a full proof, but it can be made rigourous. Changing some
inequalities to equalities, and so making a compensating small adjustment for
discrete distributions we record it as the following.

Theorem 4.2.2. Let X be a random sample of X having distribution fx (x;0)
for some 0, and let T = T'(X) be an estimator of 6. Let T~ (X) be the greatest
value in the support of T less than T'(X). Where 01, is the minimum value of 0
for which Fr(T~(X);0) =1 — «/2 and O is the greatest value of 8 for which
Fr(T(X);0) = a/2, the interval (01,0r) is a (1 — «)-confidence interval for 6.

Notice for an (1 — «) confidence interval one need not split the « into «/2

and «/2. For symmetric distributions this is a good choice, but for other dis-
tributions this is not always efficient ( meaning that it is the shortest (1 — «)
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confidence interval). This is covered in later chapters, but we will (mostly?)
ignore it, and split « into /2 and «/2.

This is a general result but depending on the family of distributions that X
belongs to, the way we compute 6, and 6 can vary.

4.2.1 Confidence Intervals for Discrete Distributions

We start with an example for a discrete distribution.

Example 4.2.3. Let X be a 30 point random sample of X ~ b(1,p), and use
the sample mean X to estimate p. Say we get a realisation

x = .6.

To get a 90%-confidence interval for p, we compute values we need to compute
values py, and pgr such that

P(pr <p <pr)=.90.

Using Theorem 4.2.2 we can take pr, as the least p such that Fx(T~;p) = .05.
What is T—7 Well, T is our estimator X = .6 = 18/30; so the greatest value
less than this in our support is T~ = 17/30. So

17

Fe(T7p) =) (32.()) pi(1—p)30.

=0

This, as a function of p is a bit hard to invert, so we break out a computer
and use a low machinery attack. Plugging in p = .4 we get a value of 0.978.
This is to high, so we try p = .45, getting 0.92. We try p;, = .425, etc. We settle
on py, = .434, for which we get .95, as needed. Similarily pr ~ .75 gives that

18
05 =3 () ot1 -
(3

i=0
So (.434,.75) is a %90 confidence interval for p.

Notice that our estimator 7' = X is a simple transformation T' = S/30 of
the RV S = )" X;, and in computing Fx (T~ ;p), we sum values of ps that we
get from values of pg via this simple transformation. Our calculation found a
confidence interval (30(.434),30(.75)) for the mean 30p. This often happens for
a mean, and sometimes it is easier to think about it by making this explicit.
We do this in the following example.

Example 4.2.4. Let X be a 20 point random sample of X ~ pois(u). Assuming
a realisation of X yields a point estimate 10 of u, find a %95 confidence interval
for p.
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Instead of X we use the estimator 7' = >_ X; = 20X of the mean 6 = 20u of
the distribution T' ~ pois(#). Our point estimate is ¢ = 200 so the value ¢~ of
T~ we are using in Theorem 4.2.2 is 199. We compute 6, such that

199 199 (O1)"
975 =Y " pr(y;0p) =Y e
y=0 y=0 y:
and 0 such that
200 200 1)
025 =3 pr(yir) = 3 e 0V
y=0 y=0

Problems from the Text

Section 4.3: 3 (The problem is not clear on this fact, but they are asking

for a symmetric %20-confidence interval.)

We will come back to the discrete case. This nonsense about T~ can often be
avoid using the CLT. For this we first look at the continuous case of confidence
intervals.

4.2.2 Confidence intervals for p

The first continuous confidence interval we look at is one for the mean p of a
normal distribution X ~ N(u,o?).

As the distribution is symmetric around y, one can get a 90%-confidence
interval for p by finding a such that P(X —a < u < X 4 a) = .90. This is a
such that

P(—a-\/ﬁ/0< <. Vn/o).

/f

~ N(0,1), we could look this up in our tables, if we knew 2. But we

As X
o/vn
don’t know it, so the best we can do is estimate it, which we do with

o XX
n—1

We must then find a such that

P(-a f/S< E<a vn/9).

S/\f

Assuming that T;,_ = ;(/f is N(0,1) is not so bad, (it will give you close

to a (1—«)-confidence interval) but it isn’t exact, and so we get better estimates
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by calculating its cdf exactly. This is done in tables in the back of the book.
T, _1 is called the Student’s T distribution with n — 1 degrees of freedom.

The t-value t g5 = t05,19, which we can look up in the back of the book, is
the value such that
P(T19 > t.05) = .05.

(Note that the table is indexed by the degree of freedom r = n—1 and the value
So

(X —t.05(S/v/n), X+ t.05(S/v/n))

is a %90 confidence interval for .

Example 4.2.5. The height of people in a population is X ~ N (u,0?) for some
w and o2. We sample 20 people, and get that X = 168cm and that S2 = 40.
Let’s find a 95% confidence interval for u.

Checking that ¢ 925 = t.025,19 = 2.093, the %95 confidence interval for y is

(168 — 2.093(40/20)/2, 168 + 2.093(40/20)/2).

Now this is nice if X is normal, but what if it is something else? Well, we
pretend that it is normal.

We will prove the following in Chapter 5.

Theorem 4.2.6 (Central Limit Theorem (CLT)). Let Xq,...,X,, be a random
sample of any distribution X with mean pu and variance 0. The cdf Fyw, of

X —p
Wn_a/\/ﬁ

limits pointwise to the cdf ® of N(0,1) as n goes to oo.

In Chapter 5, the above Theorem will be the statement that W,, converges
in distribution to N(0,1).

It will follow from the ideas in Chapter 5 that the same also holds for
X

- S/n’

where we replace o2 with the sample variance S2. In fact, we will be able
to replace o with any consistant estimator of o. We will use this fact (with

comment but without proof) in this chapter, but will define and prove it in
Chapter 5.

Tnfl

With this theorem, we can get a pretty nice approximate confidence interval
for the mean of any distribution. Where 2/, is the value such that

1-— 05/2 = ‘I)(Zoc/2) = P(N(O7 1) < Zoc/2)a
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we have that
l—-a =~ P(—Za/2<T<Za/2)
= P(X_ZQ/Z(S/\/E) </”'<X+Za/2(s/\/ﬁ))

gives an approximate 1 — « confidence interval for p. As n gets bigger, the
approximation gets better. This is called a large sample confidence interval.

Traditionally, one would use a t-value when the sample is size 30 or less, and
the variance is unknown. If the sample size is larger than 30 or the variance
is known, one uses the z-value. For a Bernoulli or Poisson distribution, the
variance is a simple function of the mean ( 0 = p(1—p) or o — i respectively)
so if one estimates p with T it is reasonable to assume that o2 = Z(1 — ). In
this case one uses the z-value in place of the t-value.

Problem 4.2.7. Using the CLT to approximate b(30,p) with a normal distri-
bution, find an approximate %90 confidence interval for an estimate T = .6 of
p. Compare with Example 4.2.3.

4.2.3 Other Confidence Intervals

In the following example we want to address the difference between two random
variables.

Example 4.2.8. Let X and Y, having means ux and py respectivley, measure
the occurrence of cancer among people taking drugs 1 and 2 respectively. To
show that drug 1 is effective, we want to show that the difference of means

A=px —py
is positive, or large.

Taking 10 point samples X = (X1,...,X10) and Y = (Y1,..., Y1), of the
two populations, we get that X = 4.2, S% =49, Y = 3.4, and S = 32. It
seems clear that A =X — Y =4.2 — 3.4 = .8 is an estimator for A. Indeed, by
linearity of expectation, we have that E(A) = E(X) — B(Y) = pz — py = A,
s0 it is an unbiased estimator. But how do we get a %90 confidence interval for
A?

Letting A; = X; —Y; for each ¢ we view the random vector (Aq,...,Aqq) as
a 10 point sample of the distribution X — Y. In Exercise 1.9.2 we showed that
this has variance 02 = 0% + 0%
By the CLT we have that
A-A

W=—=""2___ N(®O,1).
(0% +0%)/10 (0,1)

If we could show that the sample variance S2 of our sample points A; was

equal to S% + SZ then we could apply the CLT directly. However this is not
true.
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Problem 4.2.9. Show that S? is not generally equal to S3% + S%.

We will be able to show, however, that S% and S% are consistant estimators
of 0% and 0%, and so that \/S% + S% is a consistant estimator of o, so by the
discussion following the CLT we get that

A-A

V(% T 58/

This allows us to compute an approximate %90 confidence interval for ux —

By
[A — 2o /(52 + 82710, B + 2051/ (5% + 53)/10]

or approximately [.8 — 4.68,.8 + 4.68] = [—3.88, 5.48]

— N(0,1).

Though the proof is different when X and Y have different lengths, the
result is essentially the same.

Example 4.2.10. Let X be a 10 point sample of X ~ N(ux,0%) and Y be a
7 point sample of Y ~ N(uy,0%). Assume that X = 4.2, 5% =49, Y = 3.4,
and S% = 37.

A %90 confidence interval for A = pux — py is
.8 — 2.051/49/10 + 37/7, .8 + 2.051/49/10 + 37/7] ~ [—4.24, 5.84].

Compare this with Example 4.2.4 of the text (and the discussion before it)
where they assume that 0% = 0% =: 0. In doing this, the get that

A —(px — py)

o\/1/10 + 1/7

exactly, without using the CLT. Using a pooled estimator Sf, =
of the variance, then then go on to show (with some work) that

~ N(0,1)

(10-1)S% +(7—1)S%
10—1+47—-1

T — A~ (px — py)
Sp/1/10 +1/7

is a t-distribution with n—2 degrees of freedom. They use this to get a confidence
interval [—4.81, 6.41] that is slightly bigger than ours. Theirs, for the assumption
0% = 0%, is better though, as it is exact, whereas ours is just approximate. And
indeed, ours is pretty far off. Really we shouldn’t be using the CLT for n as

small as 17.

Problems from the Text

Section 4.2: 1,2,3,5,6,8,10,12,17,21,22
The last discussion above will help with question 12.
Section 4.2.2. of the text will help with question 22.
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4.4 Order Statistics

We have seen how to estimate p and o2 from a sample X of a distribution X.
When X is normal or poisson or binomial, this is all the information we need.
But as we mentioned before, we might not always know what kind of family of
distributions X belongs to. In this case, we might like some more information
from our sample.

Definition 4.4.1. Let X,..., X,, be a random sample of a continuous random
variable X. Where {Y7,...,Y,} = {X1,..., Xp}and Y1 < Y5 < --- <Y, the
parameters Y7,...Y,, are the order statistics of Xq,...,X,.

Example 4.4.2. If X has a pdf fx(z) = 1 on [0,1] then it is reasonable to
assume the order statistics of a sample will tend to spread out evenly, falling
something like:

(A
1 ° '/‘) N (=78 5
A ) s

More generally we expect Y7, Ya, ..., Y, to fall at around F~1(1/(n+1)), F~1(2/(n+
1),...,F7Y(n/(n+1)). Indeed this is true. Let’s say this with some notation.

Definition 4.4.3. The p'"* quantile or 100p*" percentile of a distribution is the
value &, such that
P(X <&,)=p.

That is, if F is the cdf of X, then &, = F~*(p).

Knowing several quantiles can give us a good feel for the distribution.
Example 4.4.4. If we know (£.25,&.50,&75) = (20,25,40) for a distribution X
then we can sketch the cdf and pdf maybe as follows.

£0) £(2)

S c st

] 20 39 “0 29

With the notion of a quantile defined, the statement that we expect Y; to
be Fx'(i/n + 1) becomes the precise statement

B(Y) =&,

n+1
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which requires proof.

To show this, we should first observe the following.

Fact 4.4.5. Where Y; is the ith order statistic of an n-point random sample of
X, the pdf (pmf) of Y7 is

Fy ') fx (y)(1 = Fx(y)"'n!
(n—4)!(z —1)!

fvi(y) =

Proof. For this to occur in a sample (X1,...,X,) we need that ¢ — 1 of the
sample pomts are less than y, one is equal to it, and n —i are greater. There are

(?) -1 = m ways to choose the i points that will be less than or equal

to y, and the one that will equal y; and the probablility for such a tuple that it
will satisfy the required conditions is

Firt () fx () (1 — Fx(y))" "

So the probability fy,(y) that a random sample orders to order statistics satis-
fying thess conditions is the product of these numbers, as needed. O

We show this, skipping some of the messier details.

Problem 4.4.6. Observe that whereas the joint pdf of X1,..., X, is

=[] fx(@)

the joint pdf of Y7,...,Y,, is

fY(y) = g(yla cee 7yn) =

DT fx () ifyr <ya <o <yn
0 otherwise.

Re-derive the above formula for fy,(y) by finding the appropiate marginal
distribuition of fy (y):

gY(yz)Z/yil/yiz/yoo/_:/_Z/_zn'fo(yz) dy

where &Z, stands for dy; dys .. .dy;—1 dy;4+1 . ..dy,. Hint: first observe that by
the chain rule [ F(z)*"!f(z)dz = F(2)%/a, and [(1 — F(z))* ' f(z)dz =
(1-F(z))*/a.

First we show that this, we need the pdf of Y;, which we can get as a marginal
pdf from the joint pdf of Y.

Whereas the joint pdf of Xy,..., X, is
2) = [ fx ()

60



the joint pdf of Y7,...,Y,, is

)_{ [ fx(yi) iy <y < - <yn
0

() =fryi, - un otherwise.

Now we can show that the marginal pdf of Y; is

(i_l)zleX(yi)” (1= Fx(y)" " fx ().

We do just to a representive example.

fyi (yi) =
Example 4.4.7. The marginal pdf of Y3, when n = 4 is (where we write F' and
f for Fx and fx,)
o0 Y3 Y2
frot) = 4 [ [ [ )0 £00) ) o ey
Y3 ”
— 4t [ [ ()~ 017 £ () dya

Y / h () — 0) 7 (3) (w1 s

= TP ) / :of(y4)dy4
_ §F2<y3><1 — Flys))f(ys)

Now to show that E(Y;) = &;/n4+1 we should compute ffooo yfy,(y)dy. The
text suggests rather showing

)
E(Px(Y)) = [ Fx(u)a(u) v = 7 = Bléijnnn).
R n+1
From which it follows that E(Y;) = &;/541. But even with this trick, the non-

trivial middle equality here takes a fair bit of work, and so skip it.

Having estimators for the quantiles, and a distribution of these estimators,
a sample now gives us a confidence intervals for the quantiles.

Example 4.4.8 (Confidence interval for quantiles). Let Y be the order statis-
tics of an n-point sample of X. For i < j, the value P(Y; < &, < Yj}) is the
probability that ¢ to j — 1 of the n trial observations are less than &,. As the
probability that any given trial is less than ¢, is p, we have that

j—1

PG <6 < 1) =3 (1) - = (1= o)

w=1

Thus (Y;,Y;) is an (1 — «)-confidence interval for the p*" quantile.
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Problem 4.4.9. Taking n = 30, ¢ = 12 and j = 18 in the above example com-
pute, (or approximate using the CLT) the confidence of the confidence interval
[Yi2, Y1g] for Q.

As they estimate the quantiles, the order statistics give us a good picture of
the distribution X. Indeed, they can be used as a pretty good test to see if X
is normal.

Example 4.4.10 (Quantile-quantile plot). Let Y7, ..., Y, be the order statistics
of a sample X, and let &1 /(n41); - - -5 &n/(ng1) b€ quantiles of the standard normal
distribution Z. Plot the points (Y7,&;/(n+1)). If the plot is linear, it suggests
that X is normal.

But the set of all the order statistics is a lot of data, the goal in statistics is
to give some nice summarising measures.

A couple of more concise statistics of a sample are the following.

Definition 4.4.11. Given the order statistics Y of an n point random sample
X, the statistic

o Q1 = Yi1), Q2 = Yo(ni1)/a, and Q3 = Y3(,41)/4 are the quartiles of
the sample;

e Y, — Y] is the range; and

e (Y1 +Y,)/2 is the midrange.

These suggest another (further than the histogram) graphical representation
of sample data.

Example 4.4.12 (Box and whisker Plot).

As we know the distributions of the order statistics, we can get the pdf of
these secondary order statistics as well.

Example 4.4.13. Let Y7, Y5, Y3 be the order statistics of a 3-point sample of
X ~ Unif([0,1]). Let Z = Y3 — Y7 be the range of the sample. To find the
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pdf of Z we first find the joint pdf of Y7 and Y3, and then use the method of
transformations.

(Before we continue, what do you think the expected value E(Z) is?)

First, recalling that for X ~ Unif(]0,1]) we have f(z) = 1 for all z in the
support, we compute

Y3

Y3
fvivs (Y1, y3) = / 3 (y1) f(y2) f(ys) dys = / 3ldyz = 6(ys — y1).

Y1 Y1

Letting 71 = Z = Y3 — Y7 and Z; = Y35 we get a one-to-one transformation
with inverse Y1 = Z5 — Z7 and Y3 = Z5, for 0 < Z; < Z5 < 1. So

fz0,2:(21,22) = fvivs(22 — 21, 22)|J|
dy1  Oy1
= 6(z2—(2—2))| 92 322
dz1 Oz
-1 1
= 62:1 0 1 ‘2621

Taking a marginal pdf, we get

1
fz,(z1) = / 621 dzg = 621(1 — 21).

Z1

Problem 4.4.14. Find the expected value E(Z) of the range Z in the above
example. Does this agree with your intuition?

Problems from the Text

Section 4.4: 3,5,8,11,13,24,27

4.5 Introduction to Hypothesis Testing

In a hypothesis test, we use a random sample X of an RV X to decide the truth
of a hypothesis about a parameter 8 of the distribution of X.

Example 4.5.1. Standard chickens produce an average of 6 eggs a week. I
have modified chickens, and I want to determine if the produce more eggs than
standard chickens. Where X is the distribution of ’eggs per week’ of a modified
chicken, I take a 5-point sample X of X to test the alternate hypothesis that
wx > 6 against the null hypothesis that ux = 6.

If T get an outcome of Z = 6.7, I have some evidence to accept the alternate
hypothesis. Is this evidence significant enough? Should I have taken a bigger
sample to make it more significant? Is this difference of .7 eggs per day big
enough that I care about it?
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Sometimes 'rejecting
H,' is called ‘accepting
Hp', but some people
feel this is inaccurate.
We will see why in a bit.

We introduce the notation to address such questions. Let 6 be an unknown
parameter of a distribution X. A (simple) hypothesis test consists of a null
hypothesis

Ho 10 = 90

and an alternate hypothesis
H1:9200 (orH1:9§90);

and a random sample X of X based on which we either accept H; or reject it.
These alternate hypotheses are for what is called a one-sided test, in the next
section we will look at a two-sided test with a alternate hypothesis H; : 0 # 6.
Which alternate hypothesis we use depends on what we expect to happen, and
what we want to show. (In later chapters we will consider a more general
hypothesis test with hypotheses H; : 8 € w; for some partition wg U w; of the
support 2 of 6.)

The null hypothesis is so named because it is usually used for the case that
something we are testing has had no effect.

The critical region, C, is the set of values of our sample X under which we
accept H,. For our sample X of the egg yield we will estimate p with X so our
critical region be the set of values of X under which we would conclude that H;
is true. It will be something like

C = (7,00).

One might think that it should be C' = (6,00), but in this case our test will
often give false results. There are four possible outcomes of a test.

=7 [t e — g o - B T 7

Nt 4l

I\ % T o g ’ TR =

‘ S ‘ /S

| S C A S i T e, o RS ESR
1 e | = | '
| Ae<eplt M1 | )\‘M | e ror | o

r 5 o=
L ESes = Ipe 2 evar 1

The size or significance of C (or of the test) is probability of Type I error or
a false positive:
o = Pgo (X S C)

The power y of the test is the probability of a correct positive. It is a function
of a specific value of 8 in C:

Y(0) = Py(X € O).

So 1 — v(0) is the probability of a Type II error or a false negative when the
actual value of the parameter 6 is 6.
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We want a test with low significance and high power. But this is a trade off.
If C = (6,00) in the previous example, then when p = 6 our sample will be in
C half the time. Our significance is .50, which is no good at all. So to have a
decent significance, our critical region must not contains values close to 6. So
we say C' = (7,00). Our signficance is better, but then for a value 7 we have
power v(7) = .50. Maybe we will only have decent power for values of u > 8.
When defining our critical region, we have to first decide what values of u we
care to prove the null hypothesis for.

Let’s do a numerical example. We us a discrete distribution and calculate
the significance and power of various critical regions.

Example 4.5.2. Assume that pg = .05 of all people exposed to coronavirus will
contract Covid. So exposed people contract the disease according to a binomial
distribution with probability py. We expect that if we vaccinate people, this
will be reduced. We expose 100 vaccinated people to the coronavirus and find
that & contract Covid disease. (So T = k/100 estimates the probability p that
a vaccinated person exposed to the virus contracts the disease.)

We want to test the alternate hypothesis
Hy:p<.05

against the null hypothesis
Hy:p=.05.

Some obvious critical regions that we might consider are, for ¢ = 1,2, 3,4,

C; = {X |7 < i/100}.

The significance of this test when i =4 is

7

2. /100 . .
a=P@<.04|p=.05 = ( )(.05)1(.95)10‘” ~ .43
=0

2

It’s power, for say p = .02 is

Y(02) =P@E < 04|p=.02)=> (1?()) (.02)7(.98)'°~% ~ .95,
=0

Figure 1 shows significance and power values for all of these critical regions.

To have a reasonable significance, say of .05 or below, we don’t have very
good power. To have good power for even a value as low as p = .01 we need to
take a critical region as big as C3, which has an okay, but not great, significance.
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Ci |« || 7(.005)] v(.01) | 7(.02) | y(.04)
C, 01 91 37 13 .02
Cy .04 .99 74 40 .09
Cs 12 .99 92 .68 23
on 43 .99 98 .86 43

Figure 1: Significance and Power calculations for various critical regions

Well, maybe people will not buy a vaccine that only reduces the probability
of contracting Covid from .05 to a .02, so maybe we only care about the power
for p = .01 or p = .005. Then maybe this test is okay. But if we do care about
p = .02 what should we do? We have to use a bigger sample.

To set up a test, we generally do the following.

i) Choose a level « of significance, and a level v of power.

ii) Choose the values in the alternate hypothese H; that we want this power
for.

iii) Choose n and C so that the test has significance o and power 7 for the
chosen values in H;.

In the next example we do this, and set up a test.

Example 4.5.3. For an RV X with an unknown normal distribution N (yu, o),
we want to test the hypotheses

Hy:p=5 Vs. Hy:p>5

We expect a mean of about x = 10 and a variance of about o2 = 4.

A good level of significance is always a = .05, and a good power is .95. As
we expect a mean of about 10, perhaps we want our level of power for any value
of > 8. As the power function v(u) is clearly increasing in p for g > 5, it will
be enough to setup the test so that ~(8) > .95.

Figure 2 shows the distribution of the sample mean X according to the null
hypothesis, and in the case u = 8 of the alternate hypothesis, the lowest value
for which we want power of .95.

When we set our critical region as the region to the right of the bold black
bar in the middle (at u = 6.5) the significance is the probability of falling in the
red region when our mean is 5. The power for ;1 = 8 is the probability of falling
in the blue region (which includes the red region).

To have a power of 7(8) = .95 and significance .05 must choose n large
enough that the red region has probability .05 and the blue has probability .95.
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2 5 6.5 8 11

Figure 2: Distributions for Hy : p =5 and H;y : p > 5 for value p =8

With p = 6.5 these two thing happen at the same time, so it is enough to find
n so that the red region has probabilty is .05.

We expect a value of 02 = 4, and so we approximate this as

95=P(X<65|p=5) = (§/¢ﬁ<6;f5

We know this z-value: z g5 = 1.65. Taking n > 5 we get .75y/n > 1.65, so this
is approximately the value of n that we need.

) = P(Z < .75v/n).

Problem 4.5.4. Taking the approximation o2 = 4 as an approximation of the
sample variance S2. With this, use a t-tables instead of z-tables to approximate
the n that you will need to get a significance of .05.

Well, we should maybe bump n up a bit to be safe, particularly when we con-
sider that we do not really know o, so when we compute the actual significance
later, we will need to use a T distribution rather than the normal distribution
Z. Lets take n = 10. Taking n = 100 would be safer, but could also be more
expensive. This is a practical issue in statistical testing.

So! We run a test with 10 samples points, and use a critical region of
C = (6.5,00). Say we get a sample mean of x = 7.5 and a sample variance of
S? = 5, slightly higher than the 4 we were expecting.

The significance of our test is

PX>65|pu=5) = P(X7u>15)

= ( P > 1.5/\/5/10 ~ 2.12)

S/\F

Checking the t-values we see that tg g5 = 1.833 and g 975 = 2.228. Our
2.12 falls between these, so we estimate this probability at about a = .035.

The power for the value p = 8 is

PX<65|p=8)=--~.035
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Problems from the Text

Section 4.5: 3,4,8,11,12

4.6 Two-sided Tests and p-values

As there can be a difference of opinion on what an appropriate significance is a
test can be done without an explicit significance or confidence interval. Instead
of accepting or rejecting H; we simple return the minimum possible value of «
at which H; would have been accepted. This is the p-value of the test. It is
then up to the reader of the results to decide if they find them significant.

Definition 4.6.1. Formally, the p-value p is defined as the probability, assuming
Hy, that the test would yield an outcome at least as extreme as the observed
outcome.

Now ‘at least as extreme’ allows room for interpretation, and will depend on
the hypotheses, but it is usually quite clear what it should mean.
Say our hypotheses are
Hy:p=po vs. Hy:p>po
and our test yields a sample mean of . The p-value is
PX>7 | pu= po)

Example 4.6.2. The weight, in ounces, of cereal in a 10-ounce box is N (y, 0?).
To test
Hy:p=10.1 vs. Hy:p>101

we take a sample of size n = 16 and find that © = 10.4 and S = 0.4.
Let’s find the p-value of the test.

P(X>104,4=10.1) = P (X4/;%'1 > 4/%)
= P(T(15) > 3)

Looking up in the T-tables we get that ¢ gp43,15 ~ 3, so our p-value, this
probability, is about p = .0043. That is a fairly significant test.

When we were testing the effect of a vaccination, we were only interested
in the possibility that in reduces the probability of contracting a disease, so we
used a one-sided test. In some situations, we may be interested in an effect that
can act up or down. In such situations, we would opt for a two-sided test.
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Example 4.6.3. The height of people in a population, in centimeters, is H ~
N(uo = 175,02). We suspect that there is a relationship between the time of
year someone is born, and their height. So we sample 30 people born in April
an measure their heights to get a sample of the distribution X ~ N(u,o?) of
heights of people born in April.

Our hypotheses are
Hy:pp=po =175 vs. Hy :p # po.

Hi is a two-sided hypothesis.
What is the p-value if our sample yields X = 178 and S? = 120?

In a one-sided test we would be calculating the probability of falling in the
this region on the right of the following figure. However, in a two sided test,
the probability of getting this outcome or one more extreme is the probability
of falling in the region on the left.

ha 175 i1¢
Ong - sicled Losh Tws - s lpd ngJ
The p-value of this is
X - 175

1-P(172<X <178)=1—P(-15< <1.5)~2-.068 = .136.

/120/30

Problems from the Text

Section 4.6: 4,6

4.7 Chi-squared Tests

A chi-squared test is used to test a hypothesis of the following type.

Where w1, ...,wy is a partition of the the support Q of an RV X, and for
each i we have

pZ:P(XELUZ)

consider the null hypothesis

Hy : pi = pio for all i € [k],
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and the alternate nypothesis

Hy : p; # pio for some i € [k].

We take an n point sample of X, and for i = 1,...,k let X; be the RV that
counts the number of sample points in w;. This is an estimator of the parameter

The RV 3

- . )2
Qk—l _ Z (Xz npz,O)

o
i1 Pi,0

can be shown to be a chi-squared distribution with & — 1 degrees of freedom.
Clearly, it has low expected value if Hy is true. So we will accept Hy if it is low,
and reject it if H; is high. To decide what ‘low’ and ’high’ are we have to look
at the chi-squared distribution.

Example 4.7.1. To test if a die is fair, we roll it 60 times and let X; be the
number of times that ¢ shows up. Our results are

X1 =13, Xo=19, X5=11, X, =8, X5 =5, X5 = 4.

To test
Hy:p; =1/6 Vi vs. Hy:p; #1/6 =0
we compute
6
(X; —10)?
= —————— = 15.6.
Qs ; o

Looking at table for the cdf of a chi-squared distribution, we find the P(Q5 >
15.086) = .01. So our test has a p-value of less than .01. We would accept the
hypothesis that the die is biased at a significance of .01.

Problems from the Text

Section 4.7: 3

4.8 The Monte-Carlo Method

The generation of random samples of a given distribution is called the Monte-
Carlo method, and has several uses. The problem of generating random (or
randon-like) samples of any distribution is a fairly deep computational problem,
but all modern computer languages have pretty good generators of the standard
uniform distribution Unif([0, 1]).
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Problem 4.8.1. Generate a Unif([a,b]) distribution using a Unif(]0, 1]) gener-
ator.

We look at a couple of ‘non-statistics’ applications of a random Unif([0, 1])
generator, and then use it to generate other distributions.

Example 4.8.2 (Estimation of ). Using a random Unif([0, 1]) generator, gen-
erate n random pairs (X;,Y;) € [0,1] x [0,1]. Let Z be the RV that counts the
number of pairs (X;,Y;) that satisy

X?+Y2<1.

All pairs fall inside a region of area one, and Z counts the number of pairs
that fall inside the shown region of area of 7 /4.

So 4Z/n is an unbiased estimator of 4(w/4) = 7.

Example 4.8.3 (Monte Carlo Integration). Say we want to evaluate

/ab g(x)dx

for some g(x) but we cannot find its antiderivative.

We want to find the area under the curve in the first picture below. The
order statistics yi1,...,y4 of a 4 point statistic are expected to fall as in teh
second picture, so we can use them to approximate the area with the Reimann
sum 3 g(y;) =2,

g(x) g(x)

é b a y1 yab

Doing this, as n gets big, we get

b b b
[a@ar=0-a [ 20— 0-a) [ @i = 0-ape)
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using that the distribution fx of X ~ Unif((a, b)) is 1/(b—a). Using a generator
of Unif((a,b)) we generate n samples X; of X and let

7 Zg(Xi>_

This has expected value E(g(X)) so (b — a)l has expected value f; g(z) dz.

Now we look at generating samples from other distributions, using a genera-
tor of U ~ Unif([0, 1]). If it is a distribution X whose cdf F'x we can invert, the
obvious technique is to generate samples U; of U and then return X; = Fy ! (U;).

Example 4.8.4 (Generating distributions whose cdf we can invert). The ex-
ponential distribution X ~ I'(1,1/p) with mean p = 2 has cdf

F(X)=1—¢e* x> 0.

To generate a random sample of X we generate a random sample of U:

U = [random() for i in range(4)]; U
[0.09742247457107367,
0.5705002816351732,

0.949933512893782,
0.44883965991368235]

and then plug it into F~(u) = —3 In(1 — u):

[(-1/2)*ln(1-u) for u in U]
[0.05125034585604324,
0.4225670966430177,

1.4972017073768573,
0.29786475690962677 ]

Example 4.8.5 (Generating Poisson process and a Poisson RV). We want
to generate a Poisson process that produces a mean of u occurence per unit
time. The exponential RV X ~ I'(1,1/u) counts the waiting time until the first
occurence of such a process.

So from our generated values of X we get a Poisson process whose first
occurence is at time .051, whose second is at time .051 + .422 = .473, whose
third is at time .473 4+ 1.497 = 1.970, etc.

As the Poisson RV Y ~ pois(u) counts the number of occurences of this
Poisson process in unit time, we have just generated a sample value 2 of Y.

Now we can generate distributions whose cdf we can invert, and we have
also seen how to generate a Poisson distribution whose cdf would be difficult to
invert. The text shows how to generate two independent points of a a normal
distribution from to independent points of U. We skip this, and give one final
technique that will work for all distributions we would like to generate.
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Example 4.8.6 (The Accept-Reject Generation Algorithm). We generate a
distribution W with pdf f

Simple Version . Take two uniform distributions: X ~ Unif([a,b]) and ¥ ~
Unif ([0, M]) where [a, b] is the support of f and M is (greater than) its maximum
value.

Generate a sample of W as follows.

i) Generate samples z of X and y of Y.
ii) If f(x) < y return x, and stop.
ili) Otherwise, throw out samples and go back to (i).

What we are doing is randomly generating a point in the rectangle below,
and returning its x value if it falls under the pdf of W.

X~ Ula,l)

This works: if f(z) = 2f(2’) then z and o’ are equally likely to be generated
from X, but x is twice as likely to be accepted by the algorithm. So it is twice
as likley to be returned.

Now, if we are rejecting a lot of points, the algorithm may take a while, so
we can replace X and Y with another distribution that is closer to W.

More General Version

Let X be a distribution with pdf g for which we can generate samples. Let
M be such that f(z) < Mg(x) for all values of x. Let Y ~ Unif([0, 1]).

Generate a sample of W as follows.

i) Generate samples z of X and y of Y.
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ii) If f(z)/g(z) < y return z, and stop.

iii) Otherwise, throw out samples and go back to (i).

Problems from the Text

Section 4.8: 4,6,18

4.9 Bootstrap Procedures

Bootstrapping is a clever tool for getting around situations in which mathemat-
ical analysis is tricky.

The idea is that a random sample X of an RV X, gives a good approximation
of the distribution of X. Indeed, let X* be a randomly chosen element of
{X1,...,X,}. The distribution (pmf) px+« of X* is the function defined by
scaling the histogram of the sample X. This is called the empirical distribution;
it is a close approximation of the distribution (pdf) fx of X.

It follows that an n-point resample; that is, a set X* of n points chosen iid
from X (with replacement) will have a similar distribution to X. So statistics
of a resample should be similar to statistics of a sample.

Example 4.9.1 (Bootstrap confidence intervals). To find a 95% confidence
interval [0, O] for a parameter 6 of a distribution X based on a random sample
X the main ideas was to find the distribution Fj of an estimator § = 6(X) and
set

[02,0r) = [F,1(.025), F; ' (.975)].

That is we are finding the ‘spread’ of the distribution of the estimator 0.

When the parameter we are interested in is the mean p then this is easy,
the estimator X (upto normalisation) has a 6 distribution if X is normal or
otherwise an approximate Z distribution by the CLT.

For other parameters, however, the distribution of an estimator may be
difficult to determine.

Assume 0 = §(X) is an unbiased estimator for a parameter  of the distri-
bution X. We want to find a 95% confidence interval for 6.
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One way to do it would be to take N different n point random samples of
X, and get a point estimate 6 for each. Ordering the estimates

9A1<9A2<"'<é]\/'7

a 95% confidence interval for 6 is [é,ogg,.N, é,975.N}. The problem, though, is that
taking a lot of samples can become expensive. So we take resamples instead.

For j = 1,...,N let X3 be an n-point resample of x. Let éj = é(X;‘)
Ordering the 6; as
01y < b2 <...0m,

the 95% percentile bootstrap confidence interval for 6 is

[é(.025~N)7 0(.975.3)]-

The proof that percentile bootstrap confidence interval is valid is beyond
our scope. We finish with two examples of using bootstrapping for hypothesis
testing.

Example 4.9.2. Let X and Y be RV such that (X — pg) ~ (Y — py). We
want to test the hypotheses

Hy : piy = iy vs. Hiy:pg # py
about whether the two X and Y have the different mean.

For samples X and Y of sizes m and n respectively, we let A =Y — X. If
|A| > ¢ for some critical ¢ we will accept Hy, and if |A| < ¢ we will reject it.

What should the critical value ¢ be for a test of significance o = .057 In
Section , we looked at finding the distribution of A. Using bootstrapping, we
simply pool our samples into a population Z = {z1,...,Zm} U {y1,...,yn}
Under the null hypothesis Hy : pt; = 1y, Z is just a sample from the common
distribution X ~ Y.

Taking N m-point resamples X of Z and N n-point resamples Y;* of Z, we
let A7 =Y;* — X7. Ordering the A}

A < Ayl < <A,

let ¢ = |AF95_N)|.

The basic idea we are using is that the emperical distribution based on a
sample has a similar distribution to the original RV. This is fine when using
it to estimate variance, as we have been doing, but the emperical distribution
is not exactly the original distribution. We would expect it to have a different
mean than the original distribution. In the next example we see how we may
have to account for this.
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Example 4.9.3. For an RV X we want to test the hypotheses,

Hy:p=po VS. Hy :p# po

For a random sample X, we will accept H; if X > o + c¢. We want to use
bootstrapping to find the p-value of the test; that is, to find the probability that
a sample is at least ¢ greater than p. The distribution of X* is similar to that
of X but clearly it has mean X whereas X has mean u. So when we resample,
we find the the probability that a resample is at least ¢ greater than X.

Letting p be the means ¢ of N resamples, we have that p is the percentage
of the u that satisfy pf > X +c.

Section 4.9: 1

5 Tables

You will be given the following two pages on tests.

Bernoulli X ~ b(1,p) Binomial X ~ b(n, p)

Poisson X ~ pois(u)

Hypergeometric
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Gamma X ~ I'(a, 5)

Exponential X ~ I'(1, )

Normal X ~ N(u,0?)

7



672 Tables of Distributions

Table I
Poisson Distribution

The following table presents selected Poisson distributions. The probabilities tabled
are
w

z
P(X <z)= E e‘"‘":vl ,
w=0 )

for the values of m selected.
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Table III
Normal Distribution

The following table presents the standard normal distribution. The probabilities
tabled are -
PX<a)=0(@)= [ —m=e""2du.
X <o)=0@) = [ = Mdv
Note that only the probabilities for z > 0 are tabled. To obtain the probabilities
for z < 0, use the identity ®(—z) = 1 — ®(z).

T 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
0.0 | .5000 .5040 .5080 .5120 .5160 .5199 .5239 .5279 .5319 .5359
0.1 | .5398 .5438 .5478 .5517 .5557 .5596 .5636 .5675 .5714 .5753
0.2 | .5793 .5832 .5871 .5910 .5948 .5987 .6026 .6064 .6103 .6141
03 | .6179 .6217 .6255 .6293 .6331 .6368 .6406 .6443 .6480 .6517
0.4 | .6554 .6591 .6628 .6664 .6700 .6736 .6772 .6808 .6844 .6879
0.5 | .6915 .6950 .6985 .7019 .7054 .7088 .7123 .7157 .7190 .7224
0.6 | .7257 .7291 .7324 7357 .7389 .7422 .7454 .7486 .7517 .7549
0.7 | .7580 .7611 .7642 .7673 .7704 .7734 .7764 7794 .7823 .7852
0.8 | .7881 .7910 .7939 .7967 .7995 .8023 .8051 .8078 .8106 .8133
0.9 | .8159 .8186 .8212 .8238 .8264 .8289 .8315 .8340 .8365 .8389
1.0 | .8413 .8438 .8461 .8485 .8508 .8531 .8554 .8577 .8599 .8621
1.1 | .8643 .8665 .8686 .8708 .8729 .8749 .8770 .8790 .8810 .8830
1.2 | .8849 .8869 .8888 .8907 .8925 .8944 .8962 .8980 .8997 .9015
1.3 [ 9032 .9049 .9066 .9082 .9099 .9115 9131 .9147 .9162 .9177
14 | 9192 .9207 .9222 .9236 .9251 .9265 .9279 .9292 .9306 .9319
15 | 9332 9345 .9357 .9370 .9382 .9394 9406 .9418 .9429 .9441
1.6 | .9452 9463 .9474 .9484 9495 9505 .9515 .9525 .9535 .9545
17 | .9554 .9564 9573 .9582 .9591 .9599 .9608 .9616 .9625 .9633
1.8 | .9641 9649 .9656 .9664 .9671 .9678 .9686 .9693 .9699 .9706
1.9 | 9713 9719 .9726 .9732 .9738 .9744 9750 .9756 9761 .9767
2.0 [ 9772 9778 9783 .9788 .9793 .9798 .9803 .9808 .9812 .9817
2.1 | .9821 .9826 .9830 .9834 .9838 .9842 .9846 .9850 .9854 .9857
2.2 | .9861 .9864 .9868 .9871 .9875 .9878 .9881 .9884 .9887 .9890
2.3 | .9893 .9896 .9898 .9901 .9904 .9906 .9909 .9911 .9913 .9916
2.4 | 9918 9920 .9922 .9925 .9927 .9929 .9931 .9932 .9934 .9936
2.5 | .9938 .9940 .9941 .9943 .9945 9946 .9948 .9949 9951 .9952
2.6 | 9953 .9955 .9956 .9957 .9959 .9960 .9961 .9962 .9963 .9964
2.7 | 9965 .9966 .9967 .9968 .9969 .9970 .9971 .9972 .9973 .9974
2.8 | .9974 9975 .9976 .9977 .9977 .9978 .9979 .9979 .9980 .9981
2.9 | 9981 .9982 .9982 .9983 .9984 .9984 .9985 .9985 .9986 .9986
3.0 | 9987 .9987 .9987 .9988 .9988 .9989 .9989 .9989 .9990 .9990
3.1 | .9990 .9991 .9991 .9991 .9992 .9992 .9992 .9992 .9993 .9993
3.2 | 9993 .9993 .9994 .9994. .9994 .9994 .9994 9995 .9995 .9995
3.3 | 9995 .9995 .9995 .9996 .9996 .9996 .9996 .9996 .9996 .9997
3.4 | 9997 .9997 .9997 .9997 .9997 .9997 .9997 .9997 .9997 .9998
3.5 | 9998 .9998 .9998 .9998 .9998 .9998 .9998 .9998 .9998  .9998
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Table II
Chi-square Distribution

The following table presents selected quantiles of chi-square distribution; i.e, the
values z such that

a:
1

PX<2)= | w——mw’? e/ du,

(X <=z) /OI‘(T/2)2T/2w e w,

for selected degrees of freedom 7.

P(X <z)

0.010 0.025 0.050 0.100 0.900 0.950 0.975 0.990
0.000 0.001 0.004 0.016 2.706 3.841 5.024 6.635
0.020 0.051 0.103 0.211 4.605 5991 7.378 9.210
0.115 0.216 0.352 0.584 6.2561 7.815 9.348 11.345
0297 0484 0.711 1.064 7.779 9.488 11.143 13.277
0.554  0.831 1.145 1.610 9.236 11.070 12.833 15.086
0.872 1.237 1.635 2.204 10.645 12.592 14.449 16.812
1.239 1.690 2.167 2.833 12.017 14.067 16.013 18.475
1.646 2.180 2.733 3490 13.362 15.507 17.535 20.090

9| 2088 2700 3.325 4.168 14.684 16.919 19.023 21.666
10 | 2.558 3.247 3.940 4.865 15.987 18.307 20.483 23.209
11| 3.063 3.816 4.575 5.578 17.275 19.675 21.920 24.725
12 | 3.571 4.404 5226 6.304 18.549 21.026 23.337 26.217
13 | 4107 5.009 5.892 7.042 19.812 22.362 24.736 27.688
14 | 4660 5.629 6.571 7.790 21.064 23.685 26.119 29.141
15| 5.229 6.262 7.261 8.547 22.307 24.996 27.488 30.578
16 | 5.812 6.908 7.962 9.312 23.542 26.296 28.845 32.000
17 | 6.408 7.564 8.672 10.085 24.769 27.587 30.191 33.409
18| 7.015 8.231 9.390 10.865 25.989 28.869 31.526 34.805
19 | 7.633 8.907 10.117 11.651 27.204 30.144 32.852 36.191
20 | 8260 9.591 10.851 12.443 28.412 31.410 34.170 37.566
21 | 8.897 10.283 11.591 13.240 29.615 32.671 35.479 38.932
22 | 9.542 10.982 12.338 14.041 30.813 33.924 36.781 40.289
23 | 10.196 11.689 13.091 14.848 32.007 35.172 38.076 41.638
24 | 10.856 12.401 13.848 15.659 33.196 36.415 39.364 42.980
25 | 11.524 13.120 14.611 16.473 34.382 37.652 40.646 44.314
26 | 12.198 13.844 15.379 17.292 35.563 38.885 41.923 45.642
27 | 12.879 14.573 16.151 18.114 36.741 40.113 43.195 46.963
28 | 13.565 15.308 16.928 18.939 37.916 41.337 44.461 48.278
29 | 14.256 16.047 17.708 19.768 39.087 42.557 45.722 49.588
30 | 14.953 16.791 18.493 20.599 40.256 43.773 46.979 50.892

00~ O TR W N =
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Table IV
t-Distribution

The following table presents selected quantiles of the t-distribution; i.e, the values

 such that pxen [ Tl(r+1)/2]
<o)~ [ i e

for selected degrees of freedom 7. The last row gives the standard normal quantiles.

dw

P(X <z)
0.900 0.950 0.975  0.990  0.995 0.999
3.078 6.314 12.706 31.821 63.657 318.309
1.886 2.920 4.303 6.965 9.925  22.327
1.638 2.353 3.182 4.541 5841 10.215
1.633 2132 2.776  3.747  4.604 7.173
1476 2.015 2.571 3.365 4.032 5.893
1.440 1.943 2447 3.143  3.707 5.208
1415 1.895 2.365 2.998  3.499 4.785
1.397 1.860 2.306 2.896  3.355 4.501
1.383 1.833 2262 2.821 3.250 4.297
10 | 1.372 " 1.812 2228 2.764  3.169 4.144
11 | 1.363 1.796 2.201 2.718  3.106 4.025
12 | 1.356 1.782  2.179  2.681  3.055 3.930
13 | 1.350 1.771  2.160 2.650  3.012 3.852
14 | 1.345 1.761 2.145 2.624  2.977 3.787
15 | 1.341 1.753  2.131  2.602  2.947 3.733
16 | 1.337 1.746  2.120 2.583  2.921 3.686
17 [ 1.333 1.740 2.110 2.567  2.898 3.646
18 [ 1.330 1.734  2.101  2.552  2.878 3.610
19 [ 1.328 1.729  2.093 2.539  2.861 3.579
20 | 1.325 1.725 2.086 2.528  2.845 3.552
21 |1.323 1.721 2.080 2518 2.831 3.527
22 | 1321 1.717 2.074 2.508 2.819 3.505
23 (1319 1.714 2.069 2.500 2.807 3.485
24| 1.318 1.711  2.064 2.492  2.797 3.467
25| 1.316 1.708 2.060 2.485  2.787 3.450
26 | 1.315 1.706  2.056  2.479  2.779 3.435
27 | 1.314 1.703  2.052 2473 2.771 3.421
28 [ 1.313 1.701  2.048  2.467  2.763 3.408
29 | 1.311 1.699 2.045 2.462 2.756 3.396
30 | 1.310 1.697  2.042  2.457  2.750 3.385
oo | 1.282 1.645 1.960 2.326  2.576 3.090
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